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1.
Introduction

1.1 Nonlinear models in experimental pharmacology

In the search for new and better drugs, pharmaceutical research centers employ large-scale
screening programs in which, on ayearly basis, thousands of new molecules are tested for a
variety of biological activities. Once a promising new compound has been selected, it is nec-
essary to further typify and quantify its action. Therefore, additional studies are conducted
and parameters characterizing the activity of the drug are estimated from the experimental
data.

Inaninitial stage, the effect of the compound is studied in simplified biological systems (in
vitro systems such as cell cultures, isolated tissues, etc.), where a continuous response of the
system is measured against increasing concentrations of the drug. In more advanced stages,
experiments that involve testing the drug in living animals are carried out. In both cases, it is
sometimes possible to explicitly model the response as a function of the concentration or
dose. Such quantitative experiments, whose interest lies in estimating and comparing poten-
cies of drugs have historically been termed biological assays or bioassays (Finney, 1964).

Ancther approach to the drug-discovery process focuses on the magnitude of the effect of a
single dose of the drug. However, in such studies, it is not always the measured response that
is of direct interest, since this may evolve over time, such as the growth of an organism. Itis
then necessary to model the response as a function of time and estimate the effect of the drug
on the parameters of the model.

In both paradigms, the mathematical expressions that relate the response to the regressor
variable are usually nonlinear in the parameters. Nonlinear models can be based on theoreti-
cal considerations or be used empirically, to build some known nonlinear behavior in a
model. Theory-derived or mechanistic models have the advantage of not just yielding ade-
scription of the data, but the estimated parameters also have a physical interpretation.



1.2 A theory-based model: the dose-response relation

Biological assays, as receptor-occupancy studies, provide a good example for the derivation
of atheory-based nonlinear model. In these experiments', rats are treated by subcutaneous
injection of adrug at different dosages. The animals are sacrificed, the brains removed and
the percentage receptor-occupancy is measured by autoradiography. The simplest model to
describe the binding of adrug to areceptor is based on the law of mass action (Tallarida and
Jacob, 1979). If A denotes the drug and R its receptor, then the combination of p molecules
of the drug with one molecule of the receptor is expressed by the reversible chemical reac-
tion:

ke

pA+ R : AR

ko
where A;R is the drug-receptor complex, and k; and k; are the rate constants of association
and dissociation.

According to the law of mass action, at equilibrium the product of the masses on the right
side of the equation, divided by that on the left side is equal to some constant, the association
constant of the drug-receptor complex:

_k _ [AR

k, [AI’[R]

Let x denote the concentration of the drug and y the fraction of receptors bound as A,R. The
remaining fraction of receptors left unbound is 1 —y and equation (1.1) can be reformulated

as

(1.1)

y
K=—72>— 1.2
xP(L-y) -2
Solving (1.2) for y and assuming an additive stochastic disturbance, yields the following re-

|ationship for the receptor-occupancy ; of thei™ animal treated with dose x;:

y = K7 +& (1.3)
1+ Kx” '
Usually the concentrations or dosages that are studied are administered as a geometric pro-
gression. Applying (1.3) would then give excessive weight to the results obtained at the
higher concentrations. For geometric series of dosages, a more convenient solutionto (1.2) is

obtained by taking logarithms’:

IogryyzlogK + plog x (1.4)

! A more complete description of these experimentsis given in Schotte, A. (1993).
2 The notation log refers to the natural logarithm base e.



Solving (1.4) for y, yields as an alternative to (1.3), the logistic model:
~ 1+exp(-logK - plogx.)

y, (1.5)

The parameters K and p of models (1.3) and (1.5) have a physical meaning in the sense that
K isthe dissociation constant and p is the number of drug molecules that bind to asingle re-
ceptor molecule.
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Figure 1.1 Data from a receptor-occupancy experiment and fitted logistic model (1.6)

Note that for a receptor-occupancy of 50 % (y = 0.5), (1.4) equals zero and the logarithm of
the corresponding concentration Xsy is equal to —(log K)/p. Subtracting log xso from log x; in
(1.5), yields another parametrization of the model:

— 1 +
1+ exp(p(log X, —10gx;))

£ (16)

Yi

This expression describes a sigmoidally shaped curve for response versus the logarithm of
the concentration. The parameter xs, isthe inflection point of the curve and is used in phar-
macology as a measure for the potency of a drug, often referred to as ECs, EDsp, OF 1Cso-
value (effective concentration or dose, or inhibitory concentration for 50 % effect or inhibi-
tion) of a compound. The application of the logistic model (1.6) to bioassays and dose-
response studies in general dates back to Emmens (1940). Equations (1.3), (1.5), and (1.6)
constitute model s that are nonlinear in the parameters and cannot be transformed to linear
models without modifying the error structure.

Figure 1.1 shows data from an actual ex vivo receptor-occupancy experiment (cf. Appendix
A), together with the least squares fit of model (1.6). Although thereisalot of variability
among the individual responses, the data are well described by the theoretical model.



1.3 Repeated measurements and longitudinal observations

In the receptor-occupancy study, only one observation was made for each animal. However,
in many pharmacological experiments, repeated observations on the same individual are pos-
sible. Growth studies and gastric emptying experiments necessarily involve the collection of
longitudinal data on the same subject. Repeated measures also arise in many in vitro experi-
ments where observations are made in the same experimental unit (Petri-dish, batch, run) and
consequently correlated data are obtained.

The combination of an underlying nonlinear model with repeated measures requires fairly
new statistical modeling methods. Nonlinear mixed effects models, also called hierarchical
nonlinear models, were devel oped for dealing with this type of analysis. However, their us-
age has mostly been restricted to the area of pharmacokinetic analysis and only very recently
have textbooks describing their theory been published (Davidian and Giltinan, 1995) or are
in press (Vonesh and Chinchilli, 1996).

1.4 Objectives

The objective of this project was to investigate the applicability of nonlinear models and, in
particular, nonlinear mixed effects modelsin different areas of pharmacological research at
the Janssen Research Foundation, with special emphasis on the dose response relationship.
Thisincluded a study of the underlying theory of nonlinear models and nonlinear mixed ef-
fects models, an evaluation and comparison of the available software and the application of
the methods to different data sets.

1.5 Structure of the report

The remaining part of this report consists of separate chapters on nonlinear regression, and
the handling of heteroscedasticity and repeated measurements in the context of nonlinear
modeling. Each chapter starts with a short review of the underlying theory, followed by a
section on the implementation in the statistical packages SAS 6.11 and S-Plus 3.3. At the end
of the chapter actual research data are analyzed. Figures and tables supporting major ideas or
findings are kept in the main part of the report, while intermediate results and computer out-
puts are contained in separate appendices.



2.
Nonlinear models

In contrast to linear models, for which there is a vast number of textbooks available, thereis
apaucity of books on nonlinear regression. Bates and Watts (1988) and Seber and Wild
(1989) present both the theoretical and practical aspects of nonlinear estimation. Ratkowsky
(1990) gives practical advice on how to best parametrize some commonly used nonlinear
models.

2.1 Nonlinear least squares fitting

The general form of a univariate nonlinear regression model with additive error can be writ-
ten as:

y, = f(x;,B) +¢ (21)
where'y; represents the continuous response for the i case of atotal of n observations, f
some function (expectation function) that is nonlinear in the parameters, x; avector of re-
gressor variables, 3 the set of p parameters and & the error term. The error terms are assumed
to be independent, and normally distributed with zero mean and constant variance ¢°.

Model (2.1) is called nonlinear if at least one of the derivatives of the expectation function f
with respect to the parameters depends on at |east one of the parameters. In some casesit is
possible to transform the nonlinear model into a linear model. However, the effect of such
transformations on the error term has also to be taken into account. Furthermore, the pa-
rameters of the linearized model are often not as interesting, or as important, as the original
parameters.

The least squares estimate [3 of 3 minimizes the error sums of squares:

n

SB) =3 (v = fx.B) (22)
Since for model (2.1) at least one of the normal equationsinvolves nonlinear functions of the
B3, closed-form solutions to (2.2) are not always possible. Hence, iterative procedures are
necessary to find an approximate solution. Seber and Wild (1989) list alarge variety of it-
erative strategies that have been developed for finding nonlinear least squares estimates. Five
classical techniques available in statistical software (e.g. SAS) are: the (modified) Gauss-
Newton method, the method of steepest-descent (also called gradient method), a compromise
between these two methods known as the L evenberg-Marquardt algorithm, the Newton-
Raphson method which uses the second derivatives as well, and the derivative-free method
DUD (“Doesn’'t Use Derivatives’). More technical details on these algorithms are givenin



the books by Draper and Smith (1981), Bates and Watts (1988), Seber and Wild (1989), and
Glantz and Slinker (1990). Since the Gauss-Newton method has the most widespread use and
isrelated to asymptotic inference, the derivation of this technique will be given in full detail.

The idea behind all iterative proceduresis to improve an initial guess p° for B and to keep
improving the estimates until there is no change. The Gauss-Newton method is based on a
linearization of the expectation function f(x;, B) using afirst order Taylor series about %

P (X, .
f(x,.B) = f(xi,BfJ)+;M B ) )
B=B

SN2

Let fi(B) = f(x, B), f(B) = (fl(B)! f,(B),--., fn(B))T ,1(B) =y - f(B) the residual vector,
and let V(B°) denote the matrix of partial derivatives with respect to p and evaluated at B°:

oy _ Ki(B)
\% ="
(B") B, |,
Then (2.3) can bewritten as f (B) = f (B°) + V(B°)(B - B°) (2.4)

Substituting (2.4) into the definition of the residual vector yields:

r)=y-f(p°) -V(PB°)(B-B)

=r(B°)-V(R°)(B-B") (2.5)
Rewriting the sums of squares as S(B) = r'(B) r(B), which using (2.5) is approximated by:
@) = (r(8°) - V(B)(B-8) (r(F) -V (B)B-B) (26)

=rT(R°)r(B°)-2rT(B)V(B)NB-PB") +(B-B)' VI (P)V(P)B-B) 27)
Vector differentiation shows that the right-hand side of (2.7) is minimized with respect to 3
-1
when (B-8%) = (VT (B)V(B")) VT (B (B) = &
This suggests that a better approximation to (3 is obtained by the new approximation:
B'=p°+&° (28)
Full iteration until convergence will yield the least squares estimate [§ Note that (2.6) isin

fact alinear regression problem with V(B°) as the matrix of regressors and & = B - B° the
parameters to be estimated.

The Gauss-Newton method will always converge, provided the sample size n islarge enough
and theinitial values are close enough to the true values. When the sample sizeis small, or
theinitial guessis poor, the algorithm may converge very slowly, or even diverge. The
modified Gauss-Newton method" protects against divergence by halving the incrementsin

! This modification is due to Hartley (1961).



the parameter estimates if the residual sums of squaresincreases in any step. Hence, a step
factor A isintroduced and (2.8) becomes * = B° + A3°.

Which of the five available algorithms performs best depends on the form of the estimation
function, the design of the experiment, and the sample size. In general, the steepest descent
method is not recommended, since it may converge very slowly. It can be of use when only a
poor guess of the starting valuesis possible. The Levenberg-Marquardt method is recom-
mended when the parameter estimates are highly correlated or the objective function S(3) is
not well approximated by a quadratic. The derivative-free DUD method is of interest when it
isdifficult to obtain the partial derivatives analytically.

Cucchiara, et al. (1989) used Monte-Carlo simulations to investigate the performance of the
five techniques for estimating the parameters of a bi-exponential model. They found that the
method of steepest descent failed to converge regularly. The Levenberg-Marquardt proce-
dure produced estimates that agreed best with the true parameters. Although of the remaining
four methods, this method failed to converge the most often, the other methods had a ten-
dency to claim convergence at the expense of poor estimation.

All procedures require a good first guess of the parametersto find the global minimum in the
residual sum of squares. Starting values may be obtained from prior knowledge of the situa-
tion, inspection of the data, grid search, or trial and error. An overview of techniques for ob-
taining starting values is given by Bates and Watts (1988).

For small to moderate sample sizes, problems of non-convergence or convergence to alocal-
minimum may still be encountered. Other problem areas include identifiability of the pa
rameters and ill-conditioning due to correlation among the estimates. In al of these cases, a
reparametrization of the model, centering and scaling of the data, or use of agrid of starting
values must be considered.

2.2 Inference in nonlinear regression

Inference in nonlinear regression is based on the same linearization as was used in the Gauss-
Newton method. In the neighborhood of B*, the true value of B, applying (2.6) with ° re-
placed by * reduces the nonlinear problem to alinear model. Then, under certain regularity

conditions, f% and §* = S(fS) / (N — p) are consistent estimates of B* and ¢ respectively.
With further regularity conditions, the [§ are also asymptotically normally distributed with
mean B* and variance-covariance matrix o> (V "V) ™, which is estimated by:

S@) =s* (V) (29)
where V isthe matrix of partial derivatives of f(x;, ) with respect to [3, evaluated at ﬁ :

Note that in nonlinear regression Y plays the same role as the X-matrix in linear regression.



When the g are normally distributed, then it is straight forward to show that f% isalso the
maximum likelihood estimator.

Given the distributional assumptions about the error terms of model (2.1), then in analogy to
linear regression, an approximate 100(1 —a) % joint (Wald-type) confidence region for 3 is
given by the ellipsoid:

B-B)"(VV)*(B-B) < ps’F(p,n-pl-0) (2.10)
while an approximate 100(1 — a) % confidence interval for an individual parameter Sis ob-
tained by:

B ttd-al2,n-p)s(B) (2.12)
where s (,[i) isthe k™ diagonal element of the covariance matrix defined in (2.9).

The above Wald-inference depends on the validity of the linear approximation to the model

about fS . Generally, the smaller the sample size, the greater the extent of nonlinearity.

Moreover, when sample size is moderate or small, the |east squares estimators are not neces-
sarily unbiased, normally distributed, minimum variance estimators. As a consequence, the
linear approximation is often inadequate and the Wald-type interval s can be very inaccurate
and even misleading.

An aternative to the Wald-type confidence regions is provided by likelihood-based confi-
dence regions. These regions are called exact, as they are not based on alinear approxima
tion asisthe case for (2.10) and (2.11). However, the confidence levels or coverage prob-
abilities of such regions are generally unknown, though approximate levels can be obtained
from asymptotic theory. A likelihood-based 100(1 — a) % exact joint confidence region is
defined as the set of al values of 3, such that:

~ [ p
S®) <SBR+

For individual parameters, profile likelihood intervals can be constructed, which are related
to the graphical assessment of curvature.

F(p,n— p,l—a)ﬁ (2.12)

Graphical procedures and a numerical measure for assessing the degree of nonlinearity were
developed by Bates and Watts (1988). One graphical method consists of plotting for each
parameter 0, the profilet function:

1(B,) = sign(B, —B)VSB) -S(B /'s (2.13)

where §(Bk) isthe profile sums of squares function, i.e. the residual sums of squares mini-
mized with respect to all other p— 1 parameters. Plots of 7([3, ) versus Screvea how nonlin-

ear the estimation situation is. For alinear model this plot is a straight line, for anonlinear



model it is curved and the amount of curvature yields information about the nonlinearity of
the model. In addition to profilet plots, plotting for each parameter pair the 2-dimensional
projection of the joint confidence regions provided by both (2.10) and (2.12) can aso bein-
formative. The profile t function (2.13) also allows 100(1 — a) % profile-likelihood intervals
to be set up for individual parameters, as the set of al S5, for which:

t(n_ p!%) s T(Bk) St(n - pi_%) (214)

Bates and Watts (1988) also measure the degree of curvature by two numerical summary
statistics that are based on the second derivatives of the expectation function. They define
intrinsic curvature, i.e. curvature of the solution locus itself, and parameter-effects curvature.
Intrinsic curvature measures the amount of curvature of the solution locus in sample space,
where the locus represents all possible solutions to the estimation problem. For most models
intrinsic curvature is small. Parameter effects curvature is a measure of the lack of parallel-
ism and the inequality in the spacing of parameter lines on the solution locus at the least
squares solution. As arule of thumb, curvature values multiplied by the square root of

F(p, n-p, 0.95) should not exceed 0.3. Seber and Wild (1989) mention cases where it has
been demonstrated that these measures are not entirely reliable.

When there are indications of parameter effects curvature, a reparametrization of the expec-
tation function must be considered. Ratkowsky (1990) has termed the phrase close-to-linear
for certain nonlinear model-data combinations where the likelihood-based regions and the
Wald-type regions coincide, even when the sasmple sizeis small. He also provides repara-
metrizations for several commonly used nonlinear models.

2.3 Diagnostics

In addition to the measures of curvature discussed earlier, nonlinear modeling also requires
assessing the fit of the model and the appropriateness of the assumptions. In nonlinear re-
gression, it is sometimes possible to converge to parameter estimates that are obviously
wrong. Therefore, afirst diagnostic is to check whether the parameter estimates make sense
and convergence occurred smoothly. If parameter estimates do not make sense, or conver-
gence did not occur smoothly, a different set of starting values should be considered. A sec-
ond check consists of the correlation matrix of parameter estimates. Correlations of 0.99 or
higher in absolute value are considered to indicate serious collinearity among the parameter
estimates. Simplifying the model or transforming variables and parameters can be of use to
overcome the collinearity problem.

Graphical toolsinclude a plot of the observed responses versus the predicted values and, as
in linear regression, various plots of the residuals. However, in nonlinear regression, residu-
als do not have the nice properties asin linear regression. When there is substantial intrinsic
curvature, the residuals will have non-zero means and different variances. A plot of the re-
siduals versus the fitted values will then tend to slope downwards (Seber and Wild, 1989). In



practice, when curvature is not too extreme, most of the diagnostics and residual analyses for
linear least squares apply, in particular studentized residuals and Cook’ s Distance. (Cook and
Weissberg, 1982).

Studentized residuals ri* are computed from the original residuals and the nonlinear hat ma-
trix, defined as:
H=VNVTV)*VT
rr=r/syl-h
with h;; being the diagonal of H. Cook’s distance measure D; is computed analogously, using
the expression:
D = i hii
" ps’ (1-h)°
When there are repeated observations at the same level of the regressor, it is also possible to

carry out aformal test for lack of fit, in the same manner as for linear regression (Draper and
Smith, 1981; Neter, Wasserman, and Kutner, 1990).

2.4 Software implementation

In S-Plus, nonlinear regression problems can be fitted with the function nis. This function
contains an implementation of the modified Gauss-Newton algorithm and can be used with
or without explicitly specifying the partial derivatives. In the latter case, the derivatives are
approximated numerically’. The matrix of partial derivatives can be generated with the func-
tion deriv. Alternatively, second derivatives can also be supplied and are then taken into ac-
count. Second derivatives can be generated with the function deriv3, which is contained in
the mass-library? of Venables and Ripley (1994).

Chambers and Hastie (1993), and Venables and Ripley (1994) give detailed instructions on
how to fit nonlinear functions with nls and how to construct profile t plots with the profile
function. Venables and Ripley (1994) also show how to compute the measures for curvature
using the functions deriv3 and rms.curv from the mass-library. The construction of likeli-
hood intervals requires some programming effort, as does the computation of studentized
residuals and Cook's D. For the computation of profile likelihood intervals, Venables (per-
sona communication) has implemented a computer-efficient approximation by spline inter-
polation on the results of the profile function. Confidence regions can be plotted with the
function ellipse from the ellipse-library.

! Note that using numerical derivativesin the Gauss-Newton procedure is not the same as the DUD-
algorithm that isimplemented in SAS.

2 The mass and other S-Plus libraries mentioned (ellipse, nime), are available from SatLib, located at
Carnegie-Méllon University. StatLib is a system for electronic distribution of statistical software, da-
tasets, etc. and can be accessed by http:/lib.stat.cmu.edu/.
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In SAS, dl fiveiterative strategies are available in PROC NLIN (SAS Institute, 1989). SAS
only provides for Wald confidence intervals and no diagnostics for curvature are computed.
However, Price and Shafii (1992), and O'Brien and Wang (1996) give details on how to con-
struct profile pair sketches, profile t plots and profile likelihood intervals. A major drawback
inusing SAS for nonlinear regression analysisis that, apart from the DUD method, the user
has to supply the partia derivatives with respect to the parameters, which can be a tedious
undertaking for complex models.

Sections A.3 and A.4 of Appendix A contain the analysis of the receptor-occupancy datain
S-Plusand SAS. The S-Plus analysis was performed with the numerical and analytical de-
rivatives. In SAS, al five available iteration strategies were used. A comparison of the dif-
ferent packages and the different algorithms shows that, as long as starting val ues are reason-
able and the problem is well-defined, the results are comparable. A more detailed discussion
of the analysisis given in the next section. The remaining model assessment and analyses
were carried out in S-Plus, as it was |less tedious than SAS for obtaining additional results.

2.5 Applications

2.5.1 Receptor-occupancy study

Since the investigator isinterested in an estimate of the potency of the drug, model (1.6) is
used. Unlike linear models, it is not necessary to perform the logarithmic transformation of
the dosage outside the model, since nonlinear models can incorporate any mathematical
function. It is also tempting to estimate the value of xs, (EDso) directly. However, thiswould
alow the iterative procedure to try fitting negative values for the parameter xso, which would
cause the algorithm to run into difficulties. Furthermore, it is awell known fact that values
for equi-effective doses such as EDsx, are log-normally distributed (Fleming, et al., 1972).
Therefore, the parameter & =109 X is estimated instead. Thiswill also constrain Xsg t0 posi-
tive values greater than zero.

Starting values for the parameter estimates are determined using the linearizing transforma-
tion of (1.4). Figure A.1in Appendix A, shows a plot of (log y/(100 - y)) versus log dose.
Notice that the relation is almost linear but the logit-transformation has seriously disturbed
the error structure. While for the original data (Fig. 1.1), the error was independent of the
response, now there is more spread at the low and high doses. Linear regression (Section
A.2) of log y/(100 - y) on log dose yields as estimates for slope and intercept -0.26 and 0.73
respectively, from which -0.26/0.73 = -0.36 is obtained as starting value for ¢.

The analysisin S-Plus (Section A.3) starts with a nonlinear regression in which analytical

derivatives are automatically generated using the deriv function. This produces anew S
function (der), which subsequently is used as input to the nonlinear fitting function nls. For
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the starting values, the model yields an error sums of squares of 4308. Thefirst iteration is
already a marked improvement, since the error sums of squares drops to 4119. The procedure
takes two more steps to converge, yielding final estimates for the parameters ¢ and p of
-0.221 and 0.668 respectively. The correlation coefficient between the two parameter esti-
mates, of -0.121, indicates that collinearity can be neglected.

Using numerical derivativesin the present application requires the same number of iterations
as above. However, thisis not always the case. Usually, omitting the gradient will require
more iterations, since the algorithm is forced to use aless precise numerical approximation.
In the present application, the model is close-to-linear and the initial values of the parameters
are quite near the final estimates. The resulting parameter estimates and standard errors are
exactly the same as when supplying analytical derivatives. The function deriv3 from the
mass-library also alows the generation of second derivatives. Supplying these to the nls
function yields the same results as before.

All fiveiterative strategies that are available in SAS were carried out on the data (Section
A.4). For the gradient-based methods, SAS requires derivatives to be generated by the user
and supplied to the PROC NLIN programming step as “der.xxx” expressions. The Gauss-
Newton procedure takes four iterations to converge. The final estimates are almost equal (up
to 4 decimal places) to those obtained in S-Plus. The steepest-descent or gradient method
converges more slowly than the other methods. Thisisto be expected, sinceit is known that
the method of steepest descent has difficulty converging once it gets close to the final values.
The results obtained for the five iterative strategies are almost equal to one another.

An assessment of the fit of the model is carried out only in S-Plus (Section A.5). Plotting the
observed versus the predicted values (Fig. A.2), showsthat there is no evidence for lack of fit
or unequal error variances. As mentioned earlier, the residuals do not necessarily sum to
zero and have 0.77 as mean value. A function for computation of studentized residualsis aso
givenin A.5. Plots of the studentized residual s show that no outlying observations are pres-
ent (outliers defined as absolute value of studentized residual = 4). Considering tail areas of
0.05 on each side of thet distribution to be extreme (Neter, Wasserman and Kutner, 1990),
results in one extreme value having a response of 51 % at adose of 2.5 mg/kg. Cook’sdis-
tance measure for this observation is 0.103, which corresponds to the 11" percentile of the F
distribution with 2 and 38 degrees of freedom. Using a percentile value of 50 percent as a
criterion (Neter, Wasserman, and Kutner 1990), thisindicates that this observation has little
influence. The normal probability plot of the studentized residuals (Fig. A.3) shows that
there are no mgjor deviations from normality. The correlation coefficient between the quan-
tiles and their expected value under normality iswell above the critical value (Neter,
Wasserman and Kutner, 1990) at a = 0.1. A plot of the studentized residual s versus the pre-
dicted values (Fig. A.4) confirms the earlier findings of homoscedasticity and absence of

lack of fit.
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Since there are replications at each dose level, aformal test on lack of fit can also be carried
out. The error sums of squares and corresponding degrees of freedom are extracted from the
nonlinear fit. Next, an analysis of variance with dose levels as factor is carried out, to obtain
the pure error sums of squares. Subtracting the pure error component from the error sums of
squares obtained earlier, yields the lack-of-fit sums of squares. The corresponding degrees of
freedom are obtained in the same manner. Comparing the lack-of-fit component with the
pure error component yields an F-value of 0.947 with a corresponding p-value of 0.449.
Hence, theformal test also gives no indication for lack of fit.

Assessment of curvatureis summarized in Section A.6. The profilet plot (Fig. A.5) shows
that for this model-data combination, the linear approximation can safely be used for the pa-
rameter & =log xso. For the slope p, there is a small deviation from the linear approximation.
Numerical measures for curvature are computed using the methods supplied by Venables and
Ripley (1994). Both measures are below the 0.3 criterion, which confirms Ratkowsky (1990),
who states that the logistic equation is a close-to-linear model. The joint 95 % confidence
regionsfor p and & are plotted with the aid of the €ellipse function and shown in Figure A.6.
The confidence regions are very similar to one another, the major discrepancy between the
two approaches being found for the slope p when & isequal to itsleast squares estimate. Ta-
ble 2.1 summarizes both types of confidence intervals for the individual parameters.

Table 2.1 Estimated parameter value, lower and upper 95 % confidence intervals
Parameter Estimated Wwald C.1. Profile likelihood

Vaue C.l.
p 0.668 0.538, 0.798 0.548, 0.819
& -0.221 -0.512, 0.070 -0.508, 0.072
Xs0 = exp(é) 0.802 0.600, 1.073 0.602, 1.074

2.5.2 Inhibition of growth-rate of micro-organisms

To assess the environmental impact of the introduction of certain new pharmaceuticals, their
effect on the growth-rate of unicellular green algae is investigated. Appendix B contains the
data and analysis of such an experiment in which the growth-rate was determined at different
concentrations (in mg/l) of adrug. At each concentration three independent replicates were
carried out. The individual data are plotted in Figure 2.1. According to the guidelines (Or-
ganisation for Economic Co-operation and Development, 1984), the investigator must report
the concentration corresponding to a 50 % reduction in growth rate.
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As in the receptor-occupancy study, the concentration-response curve has a sigmoidal shape
(Fig. 2.1), but now the data are not bounded by 0 and 100 %. An extension of model (1.6) to
alow for finite lower and upper asymptotesis given by the four-parameter logistic model:

Yimax = Ymin +e
1+exp(B(&-logx))
where Ynmin and Ymex respectively stand for the lower and upper asymptote of the curve, Sis
the slope, standardized for data between 0 and 1, and € = log Xs, iS the potency parameter.
Model (2.16) is described by Ratkowsky as having good statistical properties and its appli-

cation to dose-response studies and bioassay has been elaborated by Velund (1978). The data
and their detailed analysis are given in Appendix B.

yi = ymin + (215)

Starting values for Yyin and yyax are obtained by simply taking the minimum and maximum of
the data. Subtracting the minimumfrom the data and dividing by the range yields a stan-
dardized variable in the interval [0, 1]. Figure B.1 shows that, for the central portion of the
data, thereis alinear relation between the logits of the standardized variable and the loga-
rithm of the concentration. Linear regression on this part of the data yields starting values for

Fand .

Growth Rate

T T T T T
0.01 0.1 1 10 100
Concentration mg/l

Figure 2.1 Scatterplot of individual growth rates versus concentration

The Gauss-Newton method (Appendix B, Section B.3) converges after six steps, to yield fi-
nal estimates and asymptotic standard errors of the four parameters. The correlation matrix
of the parameter estimates shows no indication for severe multicollinearity.

Assessment of the goodness of fit (Section B.4) shows that model (2.15) adequately de-

scribes the data. There are two extreme values, corresponding to the minimum and maximum
of the data (observation 2 and 17). While the influence of the maximum can be neglected
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completely (Cook’s D of 0.232, i.e. 9" percentile of the F-distribution with 4 and 14 degrees
of freedom), the extent of the influence of the minimum is substantially larger (Cook’s D of
0.770, 44" percentile of the F-distribution), but still not large enough to be of particular con-
cern. A comparison of the fit with and without observation 17 shows that this observation
mainly influences the estimates for the lower asymptote (one standard error difference) and
the slope, while the estimates for the upper asymptote and potency parameter are hardly af-
fected. A formal test on lack of fit (p = 0.272) confirms that the model adequately describes
the data. From the normal probability plot and the correlation coefficient between the stu-
dentized residuals and their expected value under normality, it follows that the distribution of
the studentized residual s does not deviate significantly from normality.

While the traditional model assessment did not indicate particular problems with the data-
model combination, the picture is completely different when one looks at the assessment of
curvature (Section B.5). The first indication that there is something wrong is the failure of
the profile function when the default values are used for setting up the profiling region. Re-
striction of the region using the alphamax=argument does allow the profilet plotsto be
constructed. The graphical assessment (Fig. B.5) shows that the Wald-type confidence inter-
vals (Section B.6) can safely be applied for yyin and Y, the parameters describing the as-
ymptotes. The profilet plot for & shows a strange irregularity, but the Wald confidence inter-
val dtill provides areasonable approximation. It is apparent from the profile t plot for the
slope parameter [ that this parameter is poorly determined and that the 95 % likelihood in-
terval will have no lower bound. The numerical measures of curvature yield a value of 0.15
for intrinsic curvature, which is acceptable according to the 0.3 criterion, but the parameter
effect curvature yields the immense value of 1.0. The effect of curvature is even more pro-
nounced when one looks at the two-dimensional projections of the 95 % confidence regions
(Fig. B.6). Thelikelihood contours of the plotsinvolving S are not at all eliptical and pre-
sumably extend to -co.

Table 2.2 Estimated values and 95 % confidence intervals
for the four parameters of model (2.15)

Parameter Estimated Wald C.I. Profile likelihood
Vaue C.l.

Yimin -1.16 -1.42,-0.923 -1.42, -0.923

Yimax 412 3.86, 4.39 3.86, 441

B -2.87 -4.08, -1.66 -0, -2.01

é 1.34 121, 146 120, 1.46

Xs0 = exp(é) 3.80 3.36, 4.30 332, 433

Wald-type confidence intervals are computed in Section B.6. For the determination of the
profile likelihood confidence intervals (Section B.7), the profiling region of the function
Conf.int had to be extended (alphamax=0.05/8 instead of 0.05/4). Even then, the function
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still failed to produce an upper limit for y,i,. Further extension of the profiling range by tria
and error produced an upper limit for ymn of -0.923 (results not shown). The results of the
two inference methods are summarized in Table 2.2. Comparison of the profile likelihood
intervals with the Wald intervals shows that for Y and & = 1og Xsq the results are compara-
ble, as was suggested by the profile t plots. However, for the slope parameter 3, the Wald
intervals are completely misleading. A final estimate of the potency of the drug can be re-
ported to the investigator as 3.8 with a 95 % confidence interval of 3.3- 4.3.

The reason for the extreme nonlinear behavior for the parameter 8 of this model, described
by Ratkowsky (1990) as having good estimation properties and being close-to-linear, isthe
extremely steep slope that occurs in the center of the data and that is determined by only
three different values for the dose. In fact, the data are behaving more like a step function
than like alogistic model. This is made clearer if one considers model (2.15) when the slope
approaches -oo. In this case, for concentrations less than xs,, (2.15) always yields the upper
asymptote, while for concentrations greater than xs,, the lower asymptote is obtained. This
corresponds rather well with the data for which responses that are markedly different from
the asymptotes are obtained only at one concentration. Hence, reparametrizations of the
model will not solve the problem that is present in the data. If the investigator wants a more
reliable estimate of the slope parameter, he should consider designing a new experiment,
with more concentrations located between 1 and 10 mg/l. A remarkable finding is that, al-
though thisis an almost pathological data set, the linearization intervals (i.e. Wald intervals)
are still applicable, at least approximately, for the parameters related to the asymptotes and
the potency.

2.6 Summary

The theory of nonlinear regression iswell developed (Seber and Wild, 1990). Commercial
statistical packages such as SAS and S-Plus provide a number of methods for fitting nonlin-
ear regression models. For good model-data set combinations, confidence intervals for the
parameters constructed using the linear approximation (Wald-type intervals) correspond well
with profile likelihood intervals. However, for ill-conditioned model-data set combinations,
conventional Wald inference can be seriously misleading for parameters sensitive to curva-
ture. It is essential that the effect of curvature is explored when these intervals are reported.
Alternatively, profile likelihood intervals that do not depend upon a linear approximation can
be reported. However, the latter can be asymmetric and do not necessarily have the nominal
coverage probability. Moreover, cases exist where the profile likelihood intervals are open
and it isimpossible to report the limits. In these cases, computational difficulties can arise,
making it also difficult to compute the profile.
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3.
Heterogeneity of variance

In some applications, the assumptions of model (2.1) about equality of variance and inde-
pendence of residuals are violated. Carroll and Ruppert (1988) describe two strategies for
handling these situations. The first method, which can be applied to inequality of variance as
well asto correlated residuals, is generalized least squares. A second technique, called
transform both sides, is useful when there is skewness and nonconstant variance in the data.
Asthe method of generalized least squaresis the most versatile, it will be discussed in more
detail. The development here is restricted to the problem of heteroscedasticity, since corre-
lated data will commonly be associated with the repeated measures setting of the next chap-
ter.

3.1 Weighted least squares

Consider the case where the responsesy; are averages of w; independent replicates, with all
replicates having common variance ¢ Then, the y; have nonconstant variance inversely pro-
portional to the w;:

Va(y)=o*/w,
Model (2.1) can now be rewritten as:

o
= f(x,,B)+—¢& 31
where o is the scale parameter, and the & ~ N(0,1).

If we redefine the response as y, =Y, ,/W. and the expectation function as:

f(w,x;,B) = f (X,,B)y/W, , then the redefined response y’ will have constant variance

&® with means given by the new expectation function f". Fitting the redefined response to the
redefined expectation function with the iterative methods discussed earlier, is equivalent to
minimizing with respect to 0 the expression:

d 2
s®) =Y w(y - f(x.B)
1=1
Under the assumptions of this new model, for alarge enough sample size, the weighted least
sguares estimator BWLS may be shown to be less variable than the ordinary least squares es-

timator [§ . An estimator for the variance ¢ is given by the weighted mean squared error:

! Z\Ni (yi - f(xi ﬁvm_s))2 (32

n
n-p&

Sws =
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For large n and with W the (diagonal) matrix of weights w;, the estimator BWLS ismultivari-

ate normally distributed with mean 3*, the true value of 3, and approximate variance-
covariance matrix:

s* (Buws) = Sus(VTWV) ™ (3.3)
Consequently, the inferential procedures that were developed for ordinary least squares also
apply to weighted least squares. Standardized residuals are obtained from (3.1) as:

ri* = \/Wi(yi - f(x ’ﬁv\n_s))/a (34)

3.2 Generalized least squares

In practice, the true weights are rarely known a priori and have to be estimated from the data.
Using estimated weights in the above procedure leads to the method of generalized least
squares. Estimation of the weights is done by considering the variance of the response to
change systematically and smoothly with the level of the predictors or the response’. Hence,
variance estimation is regarded as a regression prablem. The nonlinear regression model of
(2.1) isthen generalized to amodel alowing for heteroscedasticity by specification of avari-
ance function g, which can depend on the mean response L;, on some constant z, or on a pa-
rameter vector 0 of length g. Formally, the model iswritten as:

y, = f(x;,B) +ou(4,z,0)¢ (3.5)
where o is the scale parameter, g(44,Z ,0) isthe variance function, andg ~ N(0,2) .

For this model, we have:
E(y:)) =4 =f(x,B) Var(Vi):azgz(M’Zi’e)
The specification of the variance function g(44,z ,0) alowsthe model to be extremely ver-
satile. For instance, in many applications the variance depends on the mean response as a
power of themean, or g(4 ,Z,0) = 1 which, for 8= 1 represents a constant coefficient of
variation model (variance proportional to the square of the mean).

When the complete functional form of the variance model, as well as the parameter 6, is
known, an iterative procedure is used to simultaneously estimate the weights and the regres-
sion parameter . The following scheme is applied:

1. Estimate 3 by apreliminary estimator [§ , usually the ordinary least square estimator.
1. Form the estimated weights: W, = 1/9% (4,7 ,0)

1. Using the weights from step 2, re-estimate [3 by weighted least squares, yielding [§W

[ERN

. Update the preliminary estimator by setting fS = f%wand update the weightsin step 2

1 When genuine repeats are present, one could consider estimating the weights by cal culating the vari-
ance at each value of the regressor. However, this naive approach is unreliable if the number of repli-
cates at each value of the regressor is small.
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1. Repeat steps3 and 4 ¢ - 1 moretimes

Thefina estimate is denoted by ﬁGLS. Full iteration of the algorithmis aversion of itera-
tively reweighted least squares and is usually performed with alternative computational
methods (Mc Cullagh and Nelder, 1989). Carroll and Ruppert (1988) recommend using at
least two cycles of generalized least squares, to eliminate the effect of the initial unweighted
least squares estimate.

Generalized |east squares can be applied without making any distributional assumptions. The
estimator ﬁGLS has the same distributional properties as the weighted least squares estimator

[§WLS where the known weightsw; in (3.2) - (3.4) are now replaced with the estimated

weightsW, = ]/g2 (1 ,z,0) . Application of likelihood-based inference proceeds in the same
manner as for ordinary least squares with the estimated weights based on the full model.

3.3 Choice of variance function

A first consideration in the choice of afunctional model for the variance is based on the
physical process underlying the data. For example, consider an experiment in which the vari-
ance of the response increases with the mean, but due to imprecision thereis also a minimum
level of variability. An appropriate model for the variance would be:

9(4,7,6) = (6, +4*)*
In addition, graphical techniques can be used to determine a functional form for the hetero-
geneity of variance. Carroll and Ruppert (1988) argue for plotting transformations (identity,
logarithm, 2/3 power, etc. ) of absolute studentized residual s of an unweighted least squares
fit against predicted values. Computing Spearman rank correlation coefficients and smooth-
ing the scatter plots can be of help in interpreting the graphical displays.

3.4 Variance function estimation

Although graphical methods can be of assistance for determining the structural form of the
variance model, they do not provide an efficient method for estimating the parameters of the
model. Carroll and Ruppert (1988) give an overview of available methods for estimation of
the parameter 8. The most popular methods, being pseudo-likelihood and its bias-corrected
version restricted maximum likelihood, are based on transformations of the squared residuals
from a preliminary fit.

Assume that the data originate from a normal distribution, then the log-likelihood of model
(3.5) is by definition (constant omitted):
2
1 g [yi - f(x ’B)]
20” & 9°(f(%,B).7,6)

I(8.0,0) = -nloga - Y logg( (x,8).2.6) - 36
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Substituting the preliminary estimator f% into (3.6) for B leads to the pseudo-likelihood esti-

mator for 8, i.e. maximizein gand 6 (3.6), given 3 = ﬁ Differentiation with respect to o

and 8 shows that maximizing (3.6) is similar to a weighted least squares regression of the

squared residuals (yi - f(x, ,[ABD))2 on the regression function o2g?(f (x,,B.),z,6) with

A

weights g™ (f (X;,B,),2 ,0) . Thus, pseudo-likelihood estimation does not depend on the
distribution of the data. Davidian and Haaland (1990) follow an alternative reasoning to
place the problem of variance function estimation in the context of weighted least squares
regression.

Estimating 3 in the above procedure involves aloss of degrees of freedom, which is not ac-
counted for by the method of pseudo-likelihood. Hence, the estimate for 0 is biased, with the
amount of bias depending on the ratio p/n. Restricted maximum likelihood is based upon
Bayesian ideas and corrects for the loss of degrees of freedom due to estimating 3.

Outlying observations can severely affect the estimates. Therefore, Davidian and Haaland
(1990), and Davidian and Giltinan (1995) propose, as an alternative, to replace squared re-
siduals by absolute deviations and variances with mean values of absolute deviations divided
by the variance function.

3.5 Software implementation

Weighted nonlinear regression in SASis carried out by specifying the variable containing the
weights with the WEIGHT statement in PROC NLIN. To carry out aweighted nonlinear re-
gression in S-Plus, one has to implement the specific problem into an S-Plus function whose
result is the square root of the objective function. More details and an example are given by
Bates and Chambers (1993).

In some cases, nonlinear regression methods can be used to implement generalized |east
squares estimation. Following Carroll and Ruppert (1988), and Giltinan and Ruppert (1989),
it is possible to solve explicitly the pseudo-likelihood criterion (3.6) for &, yielding:

52 =13 [y o)
n& g?(f(%,B.).2,0)

Substituting this value back into (3.6) and after simplification, the pseudo-likelihood crite-
rionis:

0O MNE O
Hono1e u-fBl] e . J
% + 2|0gn - gz(f (Xi ’ém)’zi ’e) + ;IOgg(f (Xi ’BD)’Zi ’9)5 (3.7)
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Notice that z logg(f (x ,f&D), z,0) =nlog g(8), where §(B) denotes the geometric mean
1=1
of g(f(x ,[ASD),Zi ,0) . Putting the geometric mean §(0) into (3.7) yields:
H
BL

~ 2 |:|
B _+E| 1c . 5 [yi _f()fi’BD)] 0
B 2®n;g()5um3@a@5

Maximizing (3.8) is equivalent to minimizing the quantity:

« 558)y, - 1 (%.60)2
“H o(f(x.:.2.0) {

Hence, estimating 6 may be accomplished by regressing a dummy variable, which is identi-
cally zero for al i on the regression function:

g®)(y, - f (x.6,)
o(f (x.8).2.6)

When the variance function is of the type power of the mean, or exponential, the geometric
mean can be written with the parameter 6 outside the product, i.e.:

(3.9)

(3.9)

.
5(6) = W (5.8 2)

where v is a known function of the predicted values and z. Giltinan and Ruppert (1989) give
details on how to implement generalized |east squares estimation for the power of the mean
variance model using PROC NLIN of SAS. However, they do not provide for more than one
iteration in their SAS code. As shown in Appendix C, the program is easily extended to more
iterations using the SAS-macro language. An S-Plus implementation of their approach isalso
givenin Appendix C.

Transforming both sides is an alternative to weighted |east squares and is related to the Box-
Cox transform. Giltinan and Ruppert (1989) also describe how to implement this technique
in SAS.

3.6 Application: metrazol-induced seizure threshold in rats

Infusion of rats with the drug metrazol (pentylenetetrazole) causes clonic seizures, which can
be suppressed by therapy. The dosage in mg/kg of metrazol needed to induce tremor and clo-
nic seizure is commonly known as the metrazol or pentylenetetrazol e seizure threshold.
Drugs that cause the seizure threshold to rise, are of potential use as anticonvulsant therapy
in epileptic patients. Figure 3.1 summarizes the results from a study in which therise in sei-
zure threshold is measured following administration of different doses of the conventional
antiepileptic drug diazepam combined with afixed dose (10 mg/kg) of the experimental anti-
convulsant drug loreclezole or its solvent. The purpose of the experiment isto investigate
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how additional treatment with 10 mg/kg of loreclezol e influences the dose response curve of
diazepam. Figure 3.1 suggests the use of an extension of the four-parameter logistic model of
(2.15), with expectation function:
F(B) = (B +Bx) + AT A%
1+ exp((,@ + ﬁaxl)(ﬂs + lglxl —Iog Xz))
where x; isan indicator variable equal to 1 if the observation belongs to the loreclezole group
and 0 otherwise; x, is the dose administered; 3, isthe lower asymptote; 3, denotes the range
(Vmex - Ymin) Of the estimated response; 5, and (3; are respectively the slope and potency pa-
rameter; and G, Gs, Bs, and 3; denote the effect of loreclezole treatment on respectively the
lower asymptote, the range, the slope, and the potency (horizontal position) of the dose re-
sponse curve of diazepam. For this problem, it makes mores sense to model the lower as-
ymptote and the range (Yiex - Ymin) than to use both asymptotes asin (2.15). Indeed, effects
on the lower asymptote will probably be reflected on the upper asymptote, unless the latter
has some fixed upper bound. Model (3.10) will be referred to as the full or saturated model.

(3.10)
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Figure 3.1 Dose response of diazepam in combination with loreclezole 10 mg/kg (x) or its solvent (+)

Theindividual data (Table C.1) and their analysis are shown in Appendix C. From Figure
3.1, it isapparent that there is serious heterogeneity of variance in the data. Another problem
isthe presence of animals that did not receive diazepam (i.e. zero-dose controls). Obviously,
this zero-dose control cannot be positioned at -co where the logarithm of 0 would put it. On
the other hand, omitting the zero-dose control values would mean losing valuable informa-
tion. Different approaches are possible for positioning zero-dose controls on the log-dose
axis. Considering the logarithms of the doses as an arithmetic series, it makes sense to keep
the values equidistant to one another and to put the zero-dose equal to the lowest dose di-
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vided by the constant ratio between doses. Hence, animals that did not receive diazepam
would be considered as though they were treated with 0.08 mg/kg.

Starting values for the four parameters describing the sigmoidal shape are obtained from the
control experiments using the same approach as in the previous chapter (Section C.2). The
minimum and maximum of the data provide estimates for the lower asymptote 5, (30) and
range S (190). Subtracting the lower asymptote and divisiding by the range (set at 200)
yields a standardized (0-1) variable, which after logit transformation can be used in alinear
regression to yield initial values for the slope (0.6) and potency parameter (3.0). The pa-
rameters 4, Bs, Bs, and 3; describing the displacement of the basic dose-response curve due
to loreclezole areinitially set to 0.

Plotting the observed versus the predicted val ues from an unweighted nonlinear least squares
fit (Section C.3, Fig. C.2), shows that the model underestimates the response at the two low-
est dose levels. Assessment of heterogeneity of variance is done using the studentized re-
siduals from the unweighted nonlinear least squares fit. The Spearman rank-correlation be-
tween the absolute value of the studentized residuals and the predicted valuesis 0.58 with a
significance level of lessthan 0.001. Thisindicates a strong heterogeneity of variance. Figure
C.3 displays the logarithm of the absolute value of the studentized residual s versus the loga-
rithm of the predicted values, together with a lowess smoothing. The plot shows a pro-
nounced, almost linear, trend suggesting the variance should be modeled as a power of the
mean. Linear regression yields avalue of 1.16 for the slope, which suggests a constant coef-
ficient of variation model. Figure C.4 shows that the fitted regression line is areasonable
estimate for the variance function.

The implementation of generalized |east squares with pseudo-likelihood estimation of the
variance parameter for the variance modeled as a power of the mean is shown in Section C.4,
together with a sample run. The effect of the number of iterations on the parameter estimates
issummarized in Table C.2. Convergence is obtained after about 5 cycles of the generalized
least squares algorithm. For most parameters, the generalized least squares estimates differ
substantially from the unweighted fit. The final pseudo-likelihood estimate for 6, the pa-
rameter of the variance function, is 1.132. The SAS implementation of generalized least
squaresis given in Section C.5. Convergence was less rapid in SAS using the DUD method
for nonlinear least squares than in S-Plus. A sample run using 100 iterations shows that, at
convergence, the results are comparabl e to those obtained using S-Plus.

Assessment in S-Plus of the generalized least squaresfit after 5 iterationsis carried out in
Section C.6. A plot of observed values versus the fitted values (Fig. C.5) shows a marked
improvement with regard to the lack of fit. Computation of the studentized residualsis
changed to accommodate for the weights. The Spearman rank-correl ation between the abso-
lute value of the studentized residuals and the predicted valuesis 0.04 with a significance
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level of 0.677. Plots of the residuals versus the fitted values (Fig. C.6), and of the logarithm
of the absolute value of the studentized residuals versus the logarithm of the predicted values
together with lowess smoothing (Fig. C.7), do not reveal the presence of a particular pattern.
However, the normal probability plot of the studentized residuals (Fig. C.8) shows a consid-
erable deviation from normality, with the distribution of the residuals being positively
skewed (Fig. C.9). The correlation coefficient between the quantiles of the studentized re-
siduals and the expected value under normality is 0.977, which is below the critical value of
0.982 for n = 100 and a = 0.01. Thus, modeling heterogeneity of variance solved only one
side of the problem.

An alternative strategy isto consider transformations of both the response and estimation
function. Taking logarithms of both is a plausible transformation. Indeed, seizure threshold is
measured as the dosage of metrazol needed to produce a certain physiological reaction, and
previous work (Fleming, et al., 1972) has shown that such dosages are log-normally distrib-
uted. Furthermore, the constant coefficient of variation model is consistent with alog-normal
distribution and implies a multiplicative rather than an additive error term.

The results of fitting the logarithm of the response versus the logarithm of the estimation
function are shown in Section C.7. The estimated parameter values are close to the general-
ized least squares estimates. Assessment of the model is carried out in Section C.8. Thefitis
excellent (Fig. C.10) and there is no specific pattern in plots of the residuals (Fig. C.11 and
C.12). In contrast to the results obtained earlier, the residuals are now normally distributed
(Fig. C.13) with acorrelation coefficient between the quantiles and their expected value un-
der normality of 0.996, well above the critical value at a = 0.10.

It is obvious that model (3.10) is over-parametrized. A more parsimonious model can be ob-
tained with a backward elimination process, based on the extra sums of squares principle.
Table C.3 in Section C.9 summarizes the results of backward elimination from model (3.10)
(with logarithmic transformation). The final model, summarized in Table 3.1, does not con-
tain the parameters s and s and provides an adequate fit to the data (Section C.10, Fig.
C.14). Numeric measures of curvature yield avalue of 0.214 for intrinsic and 1.14 for pa-
rameter effects curvature. The latter valueis far above the threshold of 0.3. Construction of
profilet plots (Fig. C.15) shows that, while curvature is a major problem for the parameters
B and Bs, Wald inference can still be applied to the remaining parameters.

For the reduced model, it isinteresting to compare the results obtained using logarithmic
transformation with those from the generalized least squares approach. Profile likelihood
confidence intervals for the generalized least squares estimates can only be obtained after
refitting the model using the estimated weights (Section C.11). Table 3.2 summarizes pa-
rameter estimates and confidence intervals of the generalized squares fit with pseudo-
likelihood estimation of the variance function. Parameter estimates of both fitting strategies
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are comparable to one another. Confidence intervals from the generalized least squaresfit are
wider than those from the logarithmic fit. This makes sense, since for normally distributed
data, maximum likelihood estimation (which is equivalent to ordinary least squares) is supe-
rior.

The reduced model allows the effect of loreclezole to be described as an upward shift of the
diazepam dose response curve of 20.7 mg/kg metrazol, combined with a displacement to the
left of 0.41 times the potency of diazepam (Fig. 3.2). This combined effect indicates that,
apart from its own effect on seizure threshold, loreclezole also enhances the action of diaze-
pam. Indeed, only an upward shift of the complete dose-response curve would not involve a
change in potency, since the latter is defined as the dosage needed to yield aresponse of half
the total range.

Table 3.1 Estimated values and 95 % confidence intervals of the reduced model with logarithmic
transformation

Parameter Estimated Wald C.I. Profile likelihood
Value Cl.

Bo 43.4 39.0,47.9 39.0,48.0

B 218 144, 291 167, 336

B 1.44 0.96, 1.93 1.04,1.99

B 3.23 2.66, 3.80 2.79, 4.00

By 20.7 12.8, 286 12.9, 28.7

B -0.882 -1.20, -0.57 -1.20, -0.58
exp(Bs) 253 14.4, 44.6 16.3,54.6
exp(B) 0.41 0.30, 0.56 0.30,0.56

Table 3.2 Estimated values and 95 % confidence intervals of the reduced model fitted by generalized

least squares
Parameter Estimated Wald C.I. Profile likelihood
Vaue Cl.

Bo 44.1 39.8,48.4 39.6, 48.3
B 230 138, 322 168, 384
Bo 1.40 0.91, 1.90 0.99, 1.99
Bs 3.27 2.61, 3.93 2.76,4.19
B 21.9 13.9,29.9 13.9,29.9
5y -0.885 -1.22,-0.55 -1.23,-0.56
exp(f3s) 26.3 13.6,51.0 15.7, 66.2
exp(3) 0.41 0.29, 0.58 0.29,0.57
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Figure 3.2 Dose response of diazepam in combination with loreclezole 10 mg/kg (%, upper curve)
or its solvent (+, lower curve).

3.7 Summary

Generalized least squares is a useful technique when there is heteroscedasticity in the data.
The pseudo-likelihood version is easily implemented when the variance function isa simple
power of the mean model, and can be applied when the number of parametersis small rela-
tive to the number of replicates. However, heteroscedasticity is often accompanied by non-
normality and sometimes a simple transformation of both the response and estimation func-
tion can be more appropriate, especially when there is a priori information on the distribution
of the response.
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4,
Repeated Measurements

In the experimental situations discussed so far, only one observation was made for each indi-
vidua®. However, situations very often arise in which repeated observations are made in the
same individual, allowing differential effectsto be studied directly in the same animal, tis-
sue, or cell culture. In such experiments, it is essential to recognize two kinds of variability:
random variation within agiven individual (intra-individual variability) and random variation
among individuals (inter-individual variability). Special techniques are needed to character-
ize these two sources of variability and to use them properly for making reliable inference.
Nonlinear mixed effects modeling provides a statistical framework for parametric analysis of
nonlinear models with repeated measurements. An introduction to the theory of nonlinear
mixed modelsis given by Davidian and Giltinan (1993). In a more recent work, the same
authors (Davidian and Giltinan, 1995) provide an overview and thorough discussion of vari-
ous techniques for the analysis of nonlinear models with repeated measurements.

4.1 Nonlinear mixed effects model

Let y; denote thej™ response, j = 1,...,n; for thei™ individual i = 1, ...,m and Xij the vector
of covariates (regressors). Assume that the relationship between y; and x;; is modeled by a
nonlinear function f(x,B). The form of f is common to all individuals, but the parameter 3 is
allowed to vary between the individuals. A hierarchical two-staged model is used to account
for the different sources of variability. Corresponding to these two stages, there are also two
types of inference possible: population and individual inference. The terms population pa-
rameters, population means, or fixed effects refer to population inference, while random ef-
fects refer to deviations of the individual parameters from their population mean. In pharma-
cological applications population inference is usually the major objective. However, there
are problem areas, such as calibration in bioassays, for which individual inference isthe pri-
mary target.

4.1.1 Stage 1: Intra-individual variation

In the first stage, the mean and covariance structure for agiven individual are specified. The

mean response for individual i depends on the parameter vector [3;, specific for that individ-
ij?

T
ual, as E(y;[B;) = f(x;,B;) . Theresponse-vector y; = [yil,...,yini] for thei™ individual

is assumed to follow the model:
yi = fi (B|) + ei (41)

! Theterm individual is used to identify a given entity on which repeated observations are made.
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with ,(8,) =[ £ (X1, B)ooonr F (% B)] 1 and @ =[g,,....8, | where g isthe random
error reflecting uncertainty in the response, given the i individual and E(e |B,) = 0.
Model (4.1) describes the systematic and random variation associated with measurements on
the i™ individual. It is reasonable to assume that the pattern of intra-individual variation is
the same acrossindividuals. A very general way to model the common intra-individual co-
variance structure is then provided by:

Cov(e ;) = oG *(B,.0)I (0)G/*(B;.6)

=R(B;,&), &=(o0@",a’)’

The (n; x n;) diagonal matrix Gi}/Z(Bi ,0) isused to model intra-individual variance and is
analogous to the function g(t4,z,0) of the previous chapter:

G, (B;,0) =diag gz(uil’zil’ei)""’gz(uini 14n s 0)
with the variance now dependent on the regression parameter 3; through the mean response.
The (n; x n;) symmetric matrix I"; (o) represents the correl ations among the observations of

the i individual. When repeated observations are made over time, the matrix ™, (') may

reflect the serial correlation that is present. For example, the simplest case, when the n; ob-
servations are equally spaced in time, is the autoregressive model of order 1, which corre-
sponds to:

2 N Bl

-0

n-2

1 a e at g

U
U
a0

1B
The modd for intra-individual variation is completed by specifying the distributional as-
sumptions for the error term e;:

=
Q
Q

M(a) =

MOoOoOoood

€ |B| - N(O’ R, (B| aE))

which, in terms of the random effectsb; = 3; - B, isequivalent to:
elb; ~ N(O,R; (B;.£)) (4.2)

4.1.2 Stage 2: Inter-individual variation
In the second stage, variation among individualsis characterized by specifying a model for
the regression parameters 3;in (4.1). A general model for the (p x 1) vector of individual re-
gression parameters 3; is given by:

B, =d(a,B,b;) (4.3)
whered isap-dimensional vector-valued function, a; an (a x 1) vector of covariate values
specific for individual i, 3 an (r x 1) vector of fixed parameters, and b; a (k x 1) vector of
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random effects associated with the i individual. In addition, the random effects b; are con-
sidered to be normally distributed with covariance matrix D:
b, ~ N(0,D)

where D isak x k covariance matrix.

A special case of (4.3), often used in practice, is given by the linear form:
Bi =AB+b, (4.4)
where A; isa(p x r) design matrix corresponding to the systematic (fixed) part of the model.

A more general, but still linear specification of (4.4) is given by:

B, =A,B+B,b, (4.5)
where the (p x k) design matrix B; is associated with the random effects b;. The expression in
(4.5) allows some of the [3; to be fixed and others to be random.

4.2 Strategies for parameter estimation

In the nonlinear mixed effects model, as described above, the random component b; appears
in the model through the nonlinear function f. Hence, the effect of inter-individual variation
on the response is complicated and it is not possible to write down a distribution for the y;.
Thus, standard techniques such as maximum likelihood may be difficult to implement.
Therefore, methods for estimation and inference are based on approximations that allow a
distribution to be specified for y;. Historically, the techniques found their origin and major
applications in the area of pharmacokinetics.

The methods available for estimating the parameters of the nonlinear mixed effects model

fall into two broad classes. The first approach is based on the ability to obtain an estimate for
the parameter 3; for each individual. Based on these individual estimates, the remaining pa-
rameters g, a, 8, and D are estimated. For this approach to be successful, sufficient data must
be available for each individual and the nonlinear least squares procedure must converge for
all individuals. This class of methods is referred to as two-stage methods since they involve
two stages: initial estimation of the 3; and subsequent estimation of the other parameters.
The second class of methods is based on a linearization of the nonlinear mixed effects model
by a Taylor seriesin the random effects b;. This set of techniques is of particular importance
when some individuals lack sufficient data for individua fitting.

4.2.1 Two-stage methods

4.2.1.1 Construction of individual estimates
The method of generalized least squares is extended to allow for a general covariance matrix:

R (B.&)=0°S(B,.y), §=(0,6",a")", y=(8",0")"
The general least squares algorithm is then changed as follows:
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1. In mseparate unweighted regressions obtain preliminary estimates f%,( P) for each individ-
ua i=1,...m
2. Residuals from these preliminary fits are used to estimate g and y and estimated weight
matrices are formed by:
W, =SB, 9)
3. Using the estimated weight matrices, re-estimate the (3; by m separate minimizationsin f3;
of the abjective functions:

(Yi - £, (B; ))Twi (yi -1, (B, ))
yielding anew set of estimators.
4. Update the preliminary estimators with the new estimators and return to step 2.
5. lterate at least once.

Thefinal estimates are the individual generalized |east squares estimates f%, :

Estimation of the covariance parametersin step 2 can be carried out by maximization in o
and y of the pseudo-likelihood criterion:

—_:ilog\azsi(f‘”,v)h(yi -, (3™ s EP s - (E™) fo”

Alternatively, this objective function could be replaced by the restricted maximum likeli-
hood criterion.

4.2.1.2 Estimation of population parameters

Once individual parameter estimates have been obtained, there are several possibilities for
constructing estimates of B and D. One method, referred to as the standard two-stage

method, considers the generalized |east squares estimates [§, asif they were the true values

for the parameters f3;. Standard two-stage estimates are then constructed by simply comput-

ing the sample mean and covariance of the [§, . The major drawback of this naive approach

isthat the uncertainty in estimating the [3; is not taken into account. Davidian and Giltinan
(1995) show that the standard two-stage estimator for the covariance matrix D is upwardly
biased and do not recommend this procedure. An aternative is provided by applying asymp-
totic theory for nonlinear regression. Then, under the simplified model of (4.4), maximum
likelihood estimates can be obtained by using the iterative EM algorithm. Davidian and
Giltinan (1993, 1995) provide full details on the derivation and necessary calculations of this
global two-stage method.

4.2.2 Linearization methods

When individual data are sparse or do not yield convergencein all cases, it isimpossible to
apply the above two-stage procedure. An aternative methodology is provided by the class of
linearization methods. The methods are based on alinearization of the nonlinear mixed ef-
fects model by a Taylor series expansion in the random effects b;.
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4.2.2.1 First-order linearization

Assuming the nonlinear mixed effect as described earlier, with the assumption of normality
of both random components, we have:

v, =fB)+e. elb ~N(O.R,({,.8)

B, =d(a,,B,b,), b, ~N(0,D)
With RiyZ(Bi ,&) the Cholesky decomposition of R, (3,,£), it is possible to write:

e =R(B;. 8,
where &, ~ N(0.1, ).
Writing out B; as the nonlinear function 3, = d(a;,3,b;) , the first stage of the model may
be rewritten as:
y; =f,(d(a ,B.b,)) +R(d(a ,B,b,).E)e, (4.6)

A Taylor series expansion of (4.6) in b; about the mean value E(b;) = 0, with the first two

terms in the expansion for f. (d(ai ,B,b, )) and only the leading term of the expansion of
R/(d(a,,B,b,),&)e, retained’, yields

y, =f,(d(a .B.0)) +F (B.0)A, (BOb, +R*(d(a,,B0).E)e,  (47)
where F;(3,0) isthe (n; x p) matrix of partial derivatives of f;(3;) with respect to 3; evaluated
at Bi =d(a,B,0), and A,; (,0) the (p x k) matrix of derivatives of d(a,B,b;) with respect to
b; and evaluated at b; = 0.

with Z, (B,0) = F.(B,0)A, (B,0)and € = Ri%(d(ai ,B,O),E)ai , (4.7) can be written as:

y, =t,(d(a,,B.0) +Z,(BO)D, +¢ (49)
The latter approximation has aform similar to the linear mixed effects model (4.5), with the
random effects b; and within-individual errors e: entering the model in the same linear and
additive manner. Approximation (4.8) allows the marginal mean and covariance of y; to be
specified directly:
E(y,) =, (d(a;.8.,0))
Cov(y,) =R, (d(a;,B,b,),€) +Z,(BODZ] (B0)
=V;(B.0,w)
where w is avector containing the collection of the intra-individual covariance parameter ¢

(4.9)

and the distinct elements of the inter-individual covariance matrix D. When the b; and € are

! Retaining two terms for the mean function and only the leading term for the intra-individual error
component is motivated because misspecification of first-moments is more serious than that of second
moments (Davidian and Giltinan, 1995).
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assumed to be normally distributed, the marginal distribution of y; is approximately normally
distributed with first and second moments as given abovein (4.9).

Two general strategies for inference based on the first-order linearization have been devel-
oped. Thefirst inference method, known as the first-order method and proposed by Beal and
Sheiner (1982), uses maximum likelihood estimation under the assumption that the approxi-

mationsin (4.7) and (4.8) are exact and the b; and € are normally distributed. However, as

Davidian and Giltinan (1995) argue, this method can be sensitive to non-normality of the
response and misspecification of the individual covariance structure.

An alternative class of methods is based on the assumption that the mean and covariance
specification in (4.9) are exact instead of approximate and uses an extension of generalized

least squares. Here, several strategies are possible. With W, (8,0,w) = V,™*(B,0, w), one
procedure, proposed by Davidian and Giltinan (1995), works as follows:

1. Estimate B by apreliminary estimator f%(p) using ordinary least squares on the pooled
data.
2. Using the residuals from this preliminary fit, estimate the covariance parameters w by

& and form the m estimated weight matrices W, (3”0, %))
3. Using the estimated weight matrices, re-estimate 3, by minimizing in 3:
m T ~ R
> [y -1 (dea, B.0))| W, (B 0.8y, -1, (d(a, BO))|
1=1

yielding a new set of estimators.
4. Update the preliminary estimators with the new estimators and return to step 2.
5. Iterate at least once.

Estimation of the covariance parameters w can be accomplished by maximization in w of the
pseudo-likelihood criterion:

PLR®,w) =

-5 1ogv (BP.0,69] + [y: 1 (atar. B 0)] W HEP 0, s i (day, BP0
=1

or alternatively, the restricted maximum likelihood criterion:
m
REML(B® @) = PL(B™ , ) - 3 logx| (BP o)V *(BP .0, 0x; (7 .0)
=1

where X, (B,0) = F (B,0)A, (B,0) and A (B,0) isthe (p x r) matrix of derivatives of

d(a;,3,b;) with respect to (3, evaluated at b; = 0.
Pseudo-likelihood or restricted maximum-likelihood estimation of the covariance parameters
does not depend on normality of the marginal distribution of the y;.
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A variation on the above generalized |least squares algorithm was proposed by Vonesh and
Carter (1992). The main difference between the two methods is in the estimation of the co-
variance parameter. Vonesh and Carter base their estimate of the covariance parameter on
estimates of the random effects b;. Estimation of & and D, the two components of w, pro-
ceeds in two separate stages. For ageneral intra-individual covariance matrix, step 2 of the
generalized least squares algorithm consists of another iterative procedure. Detailed descrip-
tions of the algorithm are given in Davidian and Giltinan (1993, 1995) and Vonesh and Car-
ter (1992). An advantage of the Vonesh and Carter procedure is that no starting values for
the covariance matrix D are required.

Without assumptions on the normality of the marginal distribution of they;, for mlarge, the

generalized |east squares estimator of the parameters ﬁGLSis asymptotically normal with

mean [3 and covariance matrix

Tas =B X BOVBO.WX, (RO (410)

Under additional regularity assumptions, estimates obtained from the V onesh-Carter method
are also asymptotically normal with the same covariance matrix. An estimate of 2 sis ob-
tained by evaluating (4.10) at the final estimates of 3 and w.

4.2.2.2 Conditional first-order linearization

Using the linearization of (4.8) implies that the marginal mean as given in (4.9) does not re-
flect intra-individual variation. When the intra-individual variation islarge, the first-order
linearization may be a poor approximation leading to biased and imprecise estimation. Lind-
strom and Bates (1990) propose using a refinement of the linearization (4.8) to obtain a bet-
ter approximation. Instead of a Taylor expansion about the expectation of the random effects

b; = Oasin (4.7), they consider linearization about some value bf that is closer to b; than its
expected value 0. Using a Taylor expansion analogousto (4.7), yields:

y, =f,(d(a,,B.b)) +F (B.b))A, (B.b))(bo, ~b;) +R/*(d(a,,B.b)),E)e, (4.11)
where Fi(B,bf) isthe (n; x p) matrix of partial derivatives of f;(3;) with respect to 3; evalu-
ated at B3; = d(a,B, b; ), and A, (B,b; ) isthe (p x k) matrix of derivatives of d(a,B,b;) with
respect to b; and evaluated at b; = b .

With Z, (B,b,) =F, (B,b,)A, (B,b,) and & =R/?(d(a,,B,b;),&)e, , (4.12) can bewrit-
ten as:
y, =f,(d(a,B.b))) =Z,(B.b))b; +Z,(B.b;)b; +e& (412)

It follows that for b; close to b: , the approximate marginal mean and covariance of y is:
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E(y,) =f,(d(a,,B,b))) - Z,(B,b)b;
Cov(y,) =R, (d(a; ,B.b;).&) +Z, (B.b;})DZ (B.b;)
=V, (B,b;] )
with w the same as above.

(4.13)

The fundamental idea of Lindstrom and Bates (1990) is to obtain a suitable estimate of b;,
insert it as the value for bf in (4.13), and, treating the estimate as fixed, use generalized

least squaresto estimate 3 and w. In their original proposal, they make some restrictions
about the model. They assume that the inter-individual regression function d has the linear
formasin (4.5), and that the intra-individual covariance matrix does not depend on [3; (or
equivalently b;) but depends on i only through its dimension. Davidian and Giltinan (1995)
relax these restrictions to allow for a general inter-individual regression function and a gen-
eral intra-individual covariance matrix. In analogy to the linear mixed effects model, values
of B and b; are estimated that jointly maximize the marginal likelihood:

—ZIog|D|+bT D7, +logR; (&) +[y: ~f; (d(a; B.b)] RAEy: ~f; (das B.b)

(4.14)
where D and ¢ are assumed to be known. Estimation of the parameters proceeds in two-steps:

1. Maximize 3 inand b; (4.14), with D and & replaced by their current estimates D and é ,
yielding estimates Boand Bi.

2. Estimate 3, D and & asthe values f% , D and é that maximize the approximate marginal
normal log-likelihood:

L (B.@) =3 logV; (Bo. by, )

+ys ~f,(d(ay.B.6,)) +2; Bo.b)B; | Vi (Bo by @y 1, (day. BB;) +Z; (Bo.b:)B]
with wasin (4.9). Alternatively, arestricted maximum likelihood criterion may be maxi-
mized:

REML (B, ®) = Lig (B o) — 3 log X (.0 )V (Ro.bi. X (b))
=1



where X; (B,Bi) =F (B,Bi )Ag; (B,Bi)and Ap (B,Bi ) isthe (p x r) matrix of derivatives

of d(a;,B,b;) with respect to B, evaluated at b; = b, .

The algorithm isiterated until convergence. Standard errors for [§ are obtained from the
Hessian of the likelihood function after the last iteration step.

Davidian and Giltinan (1995) show that this two-step procedure is essentially equivalent to a
generalized least squares approach, where the approximate marginal log-likelihood is re-
placed by a pseudo-likelihood.

4.3 Software implementation

Nonlinear mixed effects modeling inherits the computational difficulties of both nonlinear
modeling and linear mixed effects models. Thisisthe major reason why applications of these
techniques have been restricted to the rather specialized field of population pharmaco-
kinetics. However, implementations of the linearization algorithmsin S-Plusand SAS have
recently become available.

Standard implementations of the global two-stage procedure in S-Plus or SAS are not avail-
able, but it is easily implemented for models with a simple structure of the variance function
and without intra-individual correlation.

In S-Plus, the nime library, developed by Pinheiro and Bates (1995) implements the Lind-
strom and Bates procedure with both approximate marginal likelihood and restricted maxi-
mum likelihood. The latest edition (version 2.0) does allow for agenera intra-individual co-
variance matrix. This collection of functions requires SPlus version 3.3 or higher and is
available from SatLib.

Vonesh (1995) has written the SAS-macro MIXNLIN, which implements the VV onesh and
Carter method as well as the procedure of Lindstrom and Bates. The macro makes use of the
SAS matrix language IML and allows general functions of the random effects. The MIXNLIN
macro was obtained from the author on simple request. Another SAS-macro NLINMI X, based
on PROC MIXED, was developed by R. Wolfinger and is described in Littell, et al. (1996).
In addition to the V onesh-Carter and Lindstrom-Bates methods, the macro also implements a
generalized estimating equations approach. The NLINMIX macro uses different algorithms
than MIXNLIN and requires SAS version 6.11 or higher. NLINMIX can be obtained from
SAS Ingtitute World Wide Web (http: : //www.sas.conv).
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4.4 Applications

4.4.1 Inhibition of thromboxane A, formation in blood samples

Thromboxane A, (TXA),) is synthesized by blood platelets and is an extremely potent inducer
of platelet aggregation and vasoconstriction. Drugs that inhibit the formation of TXA, have
potential use in thrombolytic therapy. The experimental compound ridogrel is a potent in-
hibitor of thromboxane A, synthetase, an enzyme involved in the formation of TXA, Since,
formation of TXA, depends on intracellular calcium, addition of the calcium ionophore cal-
cimycin (A23187) to blood induces platelets to synthesize TXA,. TXA, itself isvery unsta-
ble and undergoes a nonenzymic hydrolysis to Thromboxane B, (TXB,), which isinactive
and stable. Hence, the plasma concentration of TXB, is used as an index for the formation of
TXA.,.

In arecent study, Beetens, et al. (1996) investigated the effect of ridogrel on calcimycin-
induced TXA, formation in whole blood. Blood was drawn from healthy volunteers, free of
medication for at |east two weeks. Blood samples were randomly divided into different ali-
guots, to which 25 uM of the agonist calcimycin together with a known amount of ridogrel
(0-10°M), was added. After 1 hour of incubation, test tubes were cooled on ice and plasma
was obtained by centrifugation. Subsequently, plasma concentration of TXB, was assessed
by Enzyme-Immuno-Assay (EIA). The purpose of the experiment was to provide an estimate
of the dose of ridogrel that yielded a 50 % reduction in the formation of TXB..

100 A

10 4

TXB, (ng/ml plasma)

0.1

T T T T T T
1010 10° 108 107 10 10°%

Ridogrel concentration (M)

Figure 4.1 Effect of ridogrel on formation of TXB, in blood samples from six volunteers
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Theindividual data and details on the analysis of this study are contained in Appendix D.
Figure 4.1 depictsthe individual concentration response profiles. Control measurements,
obtained in the absence of the drug, are considered to be made at a concentration of 107° M.
The data (Table D.1) consist of repeated measurements on blood samples from volunteers.
These data are balanced, since for each volunteer all concentrations are tested. Two sources
of variability can be recognized: within blood samples and between blood samples. However,
these are not longitudinal data, since different aliquots are randomly assigned to different
concentrations.

Figure 4.1 suggests fitting the four parameter logistic model with logarithms of both the es-
timation function and the response, i.e.:

A +hy &q_
1+exp((B +B2)(B +his ~logx;)|E
wherey; isthe | ™ TXB, measurement for the i " volunteer, x; isthe j " concentratrion of the
drug for thei " volunteer, B = (Bo, Bu, Bo, B5)" isavector of fixed population effects and
bi=(bio, b, bz, biia) isavector of individual random effectswith b, ~ N(0,D). Initially,
all four parameters will be assumed to have both afixed and random component asin (4.15).
However, Figure 4.1 already suggests that only the vertical asymptotes are different among
subjects. Therefore, more parsimonious models with fewer random effects will also be con-
sidered. Figure 4.1 is also useful in estimating starting values B° for the fixed parameter,
yielding B° = (1, 100, -0.14, -16)"

U
logy; = |09%ﬁ) +ho) + (4.15)
[

Analysisin S-Plus (Section D.2) starts with defining afunction for the partial derivatives of
(4.15), with respect to the fixed parameters. Improved estimates of the initial values are then
obtained by fitting a model without random effects to the pooled data. Parameter estimates
and standard errors of the pooled data approach are given in Table 4.1.

Traditionally, a naive approach, corresponding to the standard two-stage method of 4.2.1.2.,
has always been applied to this kind of data, i.e. the population parameters are estimated by
simple means of the individual nonlinear least squares parameter estimates, and standard er-
rors of the population parameter estimates are calculated as standard errors of the means.
Section D.3 shows the computation of the individual estimates, their means and standard er-
rors. Parameter estimates for the individual blood samples and estimates of the population
means are summarized in Table 4.1, together with the pooled data approach. The main varia-
tion among the different samplesisfound for S, the parameter related to the range of the
response. For this parameter, the two approaches also yield considerably different results
(78.7 versus 99.8). This differenceistrivial, in the sense that the pooled data estimate of the
vertical upper asymptote of model (4.15) isin principle the geometric mean (since we take
logarithms of both sides), while the standard two-stage approach estimate is, by definition,
the arithmetic mean of the individual estimates. Note that the simple two-stage approach rec-
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ogni zes the two sources of variability and yields a substantially improved estimate of the pa-
rameter of interest Ss.

An attempt was made to make a crude implementation of the global two-stage method (Sec-
tion D.4) for this specific problem. Since it was not possible to verify the output, the results,
obtained for 200 iterations of the algorithm, must be interpreted with extreme care and will
not be discussed further.

Table 4.1 Individual parameter estimates and population means
for model (4.15), standard two-stage and pooled data approach.

Volunteer Bo Bs B2 B3

1 1.002 193.2 -1.114 -17.675

2 0.365 109.7 -0.964 -18.365

3 0.833 161.0 -1.280 -17.718

4 0.601 24.1 -1.648 -17.279

5 0.918 686 -1.116 -17.789

6 0.209 420 -0.935 -18.151
Population mean 0.655 99.8 -1.176 -17.829
SE 0.130 275 0.107 0.156
Pooled data fitting 0.662 787 -1139 -17.827
SE 0.200 14.64 0.191 0.481

Table 4.2 Individual parameter estimates and population means
for model (4.15), Lindstrom-Bates approach (nime)

Volunteer Bo B1 B2 B3

1 0.969 196.2 -1.124 -17.729

2 0.475 97.0 -1.049 -18.012

3 0.824 1485 -1.187 -17.741

4 0.549 265 -1.210 -17.772

5 0.780 704  -1.198 -17.663

6 0.273 429 -0.998 -18.121
Population Mean 0.645 96.9 -1.127 -17.840
SE 0.122 25.2 0.069 0.166

The nlme suite of S-functions, developed by Pinheiro and Bates (1995) was used to apply
the Lindstrom-Bates approach to the data. (cf. Section D.5). With regard to the covariance
structure, it was assumed that responses within individuals are uncorrelated and the covari-
ance matrix of the random effectsis of the unstructured type. It was extremely difficult to
obtain convergence for this data-model combination, which is presumably caused by over-
parametrization of the model. After much trial-and-error, a combination of starting values for
the fixed effects was found for which convergence was obtained. The results are summarized
in Table 4.2. The individual estimates, provided by the Lindstrom-Bates approach, have an
empirical Bayes interpretation as they are shrunk towards the population mean. Comparing
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Table 4.1 with 4.2, shows that the Lindstrom-Bates method yields comparable but more effi-
cient estimates than the standard two-stage approach (smaller standard errorsfor all parame-
ter estimates, apart from ;). The nime library also provides graphical tools for assessment of
the fit. The diagnostic plots of the standardized residuals shown in Figure D.1 suggest that
the model provides a good fit to the data.

The problem of convergence encountered in fitting model (4.15) with the nlme package mo-
tivates the search for a more parsimonious model, i.e. a models with fewer random effects
than (4.15). Nested nonlinear mixed effects models can be compared with the likelihood ratio
statistic (2 x difference in log-likelihoods), which is approximately chi-square distributed,
with as degrees freedom the difference in the number of parameters between both models.
Asisshown in Section D.6, the nime package allows nested models to be compared with the
function anova. Table D.2 contains the results of a backward elimination of the random
components of (4.15). The resulting final model contains only random effects for the pa-
rameters Soand i

by o

1+ exp| (/5 ~logx;) |
This makes also sense from a physiological point of view: fyand £, determine the range of
TXB, levels specific for agiven individual, while the parameters 3, and S are specific for
the drug. Unbiased population parameter estimates (Table 4.4) of the constrained model are
obtained by using restricted maximum likelihood as objective function (Section D.7).
Graphical assessment (Fig. D.2) of the fit of model (4.16) shows that, taking 5> and B in
(4.15) asfixed, still provides an adequate fit to the data.

(4.16)

0
logy; =log{# +ho) + &
0

Table 4.3 Population means (SE) for parameters of model (4.16), comparison between different
implementations (nlme and NLINMIX) and linearization methods.

Parameter nime NLINMIX NLINMIX
Lindstrom-Bates Lindstrom-Bates  first-order linearization

5o 0.650 (0.123) 0.650 (0.123) 0.662 (0.129)

B 98.0 (28.9) 98.0 (28.9) 787 (25.7)

Bo -1.126 (0.059) -1.126 (0.059) -1.139 (0.063)

Bs -17.827 (0.157) -17.827 (0.157) -17.827 (0.159)

Alternative fitting strategies are provided by the SAS-macro NLINMI X (Section D.8). At-
temptsto fit model (4.16) with the Lindstrom-Bates algorithm yielded convergence prob-
lems, that could be solved by skipping the initial nonlinear fit (setting options=skipnlin in the
macro specifications). The algorithm also provides for afirst-order linearization algorithm
which is close to the Vonesh-Carter approach. Table 4.3 shows that the two implementations
of the Lindstrom-Bates algorithm yielded the same results. Estimates of [, 52, and s, ob-
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tained with the first-order linearization method are also comparable with the Lindstrom-
Bates method, but for 3;, the two approaches differ markedly.

According to the specifications given by the author (V onesh, 1995), the SAS-macro
MIXNLIN allows the fitting of nonlinear mixed models of avery general type. However, er-
ror messages are cryptic and, even for the simple case asis discussed here, it is very difficult
to supply the correct code to the macro. Moreover, for the code in Section D.9, although
seemingly valid output was obtained, the SAS log showed an error message, which makes
the results questionable.

The apparent discrepancy between the two linearization methods, with regard to estimating
the parameter [;, has the same explanation as was given earlier when the pooled data and
standard two-stage method were compared. The first-order method is based on a preliminary

estimater B(? using ordinary least squares on the pooled data, while the Lindstrom-Bates
approach is based on individual estimates. The problem of having substantially different es-
timates for 5; with different statistical methods has largely to do with the parametrization of
(4.15) and (4.16). A better reparametrization of (4.15) that constrains the lower and upper
vertical asymptotesto positive valuesis provided by:

0 0
expl4 +h
log y; = |09%><p(ﬁ) "‘ho) + ( 1) B"’QJ (4.17)
: 1+expl (B +82)(B +hs ~log ;)|
Results for fitting this model with the pooled data, standard two-stage, and Lindstrom-Bates

approach are summarized in Table 4.4. Now, all threefitting strategies yield virtually the
same parameter estimates.

Table 4.4 Population means (SE) for parameters of model (4.17),
comparison of pooled data, standard two-stage, and Lindstrom-Bates approach.

Parameter Pooled data Standard two- Lindstrom-Bates
stage

5o -0.412 (0.303) -0.558 (0.252) -0.463 (0.220)

B 4.365 (0.186) 4.365 (0.329) 4.362 (0.294)

Bo -1.139 (0.191) -1.176 (0.107) -1.162 (0.073)

Bs -17.827 (0.481) -17.830 (0.156) -17.814 (0.168)

Table 4.5 Population means (SE) for parameters of model (4.17) with 3, and 35 fixed,
comparison of Lindstrom-Bates and first-order linearization approach.

Parameter Lindstrom-Bates First-order linearization
Lo -0.450 (0.196) -0.412 (0.196)
e 4.365 (0.327) 4.365 (0.327)
Bo -1.136 (0.062) -1.139 (0.063)
Bs -17.834 (0.160) -17.827 (0.160)
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Backward elimination of random effects from (4.17) yielded the same results as obtained
earlier, with random effects present only for 3, and £;. Fitting this final model with the Lind-
strom-Bates method and restricted maximum likelihood as objective function (Section D.
10), provided a good fit to the data (Fig. D.3). Restricted maximum likelihood parameter es-
timates obtained with the Lindstrom-Bates and first-order linearization approach (Section
D.11) are summarized in Table 4.5. Comparison of the results shows that both linearization
methods now yield consistent estimates.

Finally, the potency of the drug is reported as 1.80 x 10° M. To set up a 95 % confidence
interval, one could make use of the large sample approximation to obtain an approximate
interval of :

exp(~17.834 + 0160 x196) =|131x1078, 2.46 x107®

The use of the large sample approximation for setting up confidence intervals may be ques-
tionable when m = 6. Furthermore, the approximation depends highly on the accuracy of the
linearization. Pinheiro (personal communication), suggests to use the above normal approxi-
mation only for m being large, and for small mto use a series of likelihood ratio tests to ob-

tain profile likelihood intervals. This still is alarge sample approximation, but can be moti-
m

vatedby N = Z n; being large. Conducting a series of likelihood ratio tests (Section D.12)
i=1

yielded as 95 % confidence interval:
exp([- 182285, -17.5187]) = [121 x1078, 2.46 x10®

It is evident from this application that little is gained by making use of rather highly sophisti-
cated statistical technigues as linearization methods. However, it should be stressed that
these data represent amost the ideal case of unbalanced data without autocorrelation. When
some of the blood samples are lost, due to contamination or other random mechanisms, in-
ference made with the standard two-stage approach will become invalid and the Lindstrom-
Bates approach, or alternatively when data are very sparse the Vonesh-Carter method, will be
the most appropriate way of analysis.

4.4.2 Gastric emptying of solid test meals in dogs

Dogs are surgically implanted with a duodenal cannula which allows gastroduodenal efflux
to be measured directly. After arecovery period of at least two weeks, the cannulais opened,
duodenal juice and food remnants and removed and the duodenum is cleansed with water.
After a stabilization period, during which certain experimental conditions are set, atest meal
isfed. Thereafter, effluent from the duodenal cannulais collected for 5 hoursin 15 min. por-
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tions that were dried and weighed. The experiment is repeated, with a one week interval, un-
der different experimental conditions.
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Figure 4.2 Individual gastric emptying profiles after administration of solvent

The response variable is defined as the cumulative dry weight of the effluent portions at each
15 min. period. The individual data of atypical experiment are listed in Appendix E, Table
E.1. Theindividual gastric emptying profiles are depicted in Figure 4.2. It is the purpose of
the investigator to estimate individual aswell as population parameters of the emptying pat-
tern for a given experimental condition.

For the modeling of gastric emptying data Elashoff, et al. (1982) proposed a modification of
aWeibull-type function (Ratkowsky, 1990), which they referred to asthe power exponen-
tial. This model describes the fraction of a meal remaining stomach as:

Vi = Z_Q%”QH (4.18)

wheret isthe elapsed time after the start of the experiment, t., is the time at which 50 % of
the meal has emptied and 3 is a shape parameter. The power exponential isavery flexible
model, which has the simple exponential as a special case (8= 1), but alows also to fit
emptying patternsin which slow emptying is followed by arapid phase (8> 1). A value of
B < 1 describes a pattern with very rapid initial emptying, followed by a slower emptying
phase. For the present data (4.18) hasto be slightly modified. Indeed, instead of the fraction
remaining in the stomach, the amount emptied is measured and the total amount emptied at
t = o is actually unknown. Furthermore, the initial measurements at 15 min. show some
baseline emptying, which presumably consists of duodenal juices, that is not accounted for
by (4.18). Therefore, the following adjusted model is proposed:

Vi = B +Bl§_2-(>q//%)/%§ (4.19)
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where 3, is the baseline emptying, £ the total amount emptied at t = co minus the baseline
emptying, 5. isthe time at which 50 % of the meal has emptied and s is the shape parame-
ter.

Before fitting the estimation function, it is essential to consider whether the current parame-
trization is optimal with regard to both its physical interpretation and statistical properties.
Asit isparametrized in (4.19), the model alows the response and the time to 50 % emptying
to attain negative values, which is physically impossible. A reparametization of (4.19) that
constrains the response variable as well as the time to 50 % emptying to positive values, is
given by:

[l O X, D@D
O -O——0 [
yi = exp(f) +exp(B)L-2 =PAY O (4.20)
[l [l
U U

To investigate the estimation properties of amodel, Ratkowsky (1990) suggests the use of
Monte Carlo simulations. Section E.2 shows the implementation of thisidea. Using the pa-
rameter estimates of thefirst dog, asif it were the true values, 2000 data sets of each 20 ob-
servations were generated by allowing the error term to change randomly according to a
normal distribution. The least squares estimates were obtained and their distribution investi-
gated by constructing normal quantile plots. Figure E.1 shows that the parametrization of
(4.19) has excdllent estimation properties for the parameters 3, and s, while there is a minor
deviation from normality for 5, and 3. Asis shown in Figure E.2 fitting the parametrization
of (4.20) yields a substantial deviation from normality for 5, while the asymptotic distribu-
tion of the remaining parametersis practically unchanged. Since 5, isin fact a nuisance fac-
tor and not of direct interest to the investigator, parametrization (4.20) is chosen as estima-
tion function. Putting (4.20) into the framework of nonlinear mixed effects yields as satu-
rated mixed effects model:

N 0 x A0
O

|:| -
Vi =exp(f +bor) +exp( +by )El ~2 PERATRIE Crey (429
O 0

The process that generated the data will aimost surely introduce a substantial amount of se-
rial correlation. Furthermore, the possibility that response variation changes systematically
with the level of the response should also be considered.

A first guess of theinitial valuesis obtained from Figure 4.2, while more refined estimates
are obtained from fitting the model to the pooled data (Section E.3). Conventionally the data
were analyzed using a standard two-stage approach (Section E.4) without allowance for se-
rial correlation.



Section E.5 shows the results of fitting model (4.21) with the nime library, assuming inde-
pendence between successive measurements and homogeneneity of variance. In the graphical
assessment of thefit (Fig. E.3), the plot of the standardized residuals versus the fitted values
shows a cyclic pattern, suggesting the existence of serial correlation. The plot of the loga-
rithm of the absolute value of the intra-individual residuals versus the logarithm of the pre-
dicted values shows that there is no evidence for the response variation to be related to the
level of the response. Plotting for each dog separately the individual data together with the
fitted curve (Fig. E.4) shows that, although in general the fit is very good, the onset of the
upward riseis over-estimated in six dogs.

The cumulative nature of the response, makesiit plausible that a serial correlation is present.
Serial correlation for different lags can be assessed by constructing the correlogram or vario-
gram based on the differences with the sample mean at each time point. The variogram (Dig-
gle, 1990) in Figure E.4, which is based on log-transformed responses, gives evidence for a
seria correlation and suggests a Gaussian correlation model of the form:

p(u) = exp(-au?)

According to the documentation, the nime library provides a very flexible way for modeling
theintra-individua correlation matrix I, (a) . Apart from a set of pre-defined correlation
structures (identity, compound symmetry, AR(1), AR(2), MA(1), MA(2), ARMA (1,1)), the
user can define his own set of functions to handle less common correlation structures. How-
ever, the documentation is rather obscure in how to actually implement these functions.
Furthermore, the fact that the experiment consists of only eight dogs makes the fitting of
complex structures as the unstructured correlation type impossible. Moreover, even for some
relatively simple covariance models convergence problems were encountered. Therefore, it
was decided to compare the models that could be fitted without extra programming effort
using Akaike' sinformation criterion (AIC). Four covariance structures were compared: in-
dependence (AIC = 533), compound symmetry (AIC = 535), MA(L1) (AIC = 450), AR(1)
(AIC = 415), Gaussian (AIC = 432) ,and ARMA(1,1) (AIC =386). Although, the
ARMA(1,1) model performed best, it must be stressed that there is no reason to assume that
thisisthe correct model for the intra-individual correlation. However, it is used as aworking
model, simply because it is considered to be closer to reality than assuming independence
among the observations.

Next, redundant random effects were eliminated from model (4.21). The backward elimina-
tion procedure, summarized in Table E.2 (Section E.7), encountered the same convergence
problems as mentioned earlier. The first step of the procedure yielded only a solution for re-
moval of random effects from f3,. The resulting p-value of 0.994 indicates that for 3, the
random effects are redundant. Subsequent removal of the remaining random effects, with 3o
kept fixed, yielded highly significant contributions for all random components.



The final model is refitted using restricted maximum likelihood as objective function (Sec-
tion E.8). The Wald confidence intervals for this model suggest to remove also the removal
of the fixed parameter (3,. However, alikelihood ratio test, using models fitted with approxi-
mate likelihood as objective function, yielded a p-value of 0.027 for this parameter.
Graphical assessment (Fig. E.6) shows that much of the cyclic pattern has disappeared from
the plot of the standardized residuals versus the fitted values. The plot of the logarithm of the
absolute values of the residuals versus the logarithm of the predictive values shows some
pattern, which could be modeled by a second degree polynomial. However, the dependency
of the variance on the predicted value was not important enough to consider extra modeling.

Figure E.7 depicts for each dog the individual data and the plotted curve according to the
nime estimates of the individual parameters. Apart from the second dog, that clearly isan
outlier, the fitted curves provide a good description of the experimental data.

Table 4.2 summarizes the results of the standard two-stage and Lindstrom-Bates approach. It
is evident from the table that the two strategies yield very similar results with regard to both
the individual and population parameters.

Table 4.2 Individual parameter estimates and population means for model (4.15).
Comparison between standard two-stage and Lindstrom-Bates approach

Dog Standard two-stage Lindstrom-Bates

Bo B B B Bo B B B
-0.538 3.861 5.174 2555 -0.101 3.886 5.192 2590
0526 3.310 4.822 2804/ -0.101 3350 4.801 3.019
-2.088 3.803 5.129 3.143| -0.101 3.795 5139 3.144
0.742 3710 5282 3981 -0.101 3.748 5.272 3.865
0.341 4.022 538 3160/ -0.101 3970 5.350 3.357
0.224 3868 5084 3189 -0.101 3.896 5.098 2.969
-0.803 3.833 5.151 3.350| -0.101 3.836 5.159 3.244
0.012 3726 5417 6.034| -0.101 3.788 5.425 5.133
Populationmean -0.198 3.767 5.181 3.527| -0.101 3.784 5.180 3.415
SE 0.327 0.074 0067 0387 0450 0.071 0.069 0.313

0 ~NO ULk WDN P

4.4.3 Extracellular acetylcholine levels in the striatum of rats.

Rats were anesthetized and a probe holder was implanted in the striatum of the brain. One
week after surgery amicrodialysis probe was inserted into the probe holder. A microdyalysis
probe allows certain molecules to be exchanged across a membrane. The probe was perfused
at a constant flow rate and each hour the concentration of the neurotransmitter acetylcholine
was determined in fractions of the perfusate. After collection of the first perfusate, an ex-
perimental acetylcholine inhibitor was injected intraperitoneally.
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Two dosages (2.5 and 5 mg/kg) of the experimental drug were randomly allocated to sixteen
rats. The purpose of the experiment was to determine whether the response curve of the ace-
tylcholine level was different between the two treatment groups.

Theindividual data are listed in Appendix F, Table F.1. In both treatment groups there are
missing values at the two last observation times. It was argued by the investigators that these
missing data were due to contamination of the samples and occurred completely at random.
Asisshown in Figure 4.3, there is substantial variation present in the data, making it rather a
challenge to model them.

It was decided to model the data using an exponentially damped polynomial model of the
form:

ﬂO + ,8_Lx3e_ﬁzx
This estimation function is presented by Hand and Crowder (1996) for the fitting of blood
glucose levels after alcohol intake. The parameter 5, represents the baseline level of acetyl-
choline, Biisrelated to theinitial increase and 3, to the exponential decay. The model is

modified to allow for the two treatment groups, the large range of response levels, and the
presence of random effects:

l0g y; = log|exp(/ +be:) +exp(A +by +1101)x5 e (4 +by +40)%; )| +e;
(4.22)
where y; is the concentration of acetylcholine in nmol/l, x; is the time after administration,
and g; an indicator (0, 1) for the type of treatment. A test on the difference in response curves

between the two treatment groups is carried out by comparing (4.22) with the reduced
model:

l0g; = loglexp(h +be:) +exp(4 +by )x3 exp( (A +by)x; || v (423

Analysisis started by computing the partial derivatives of (4.23) and carrying out afit on the
pooled data to obtain more refined initial values (Section F.2). The presence of missing val-
ues makes the standard two-stage approach questionable. Individual parameter estimates,
their mean value and standard error are shown in Section F.3.

Model 4.23 isfitted using nime in Section F.4. Graphical assessment (Fig. F.1) of thefit
shows that, apart from the second experiment where some rather large residuals are found at
the lowest levels of the response, the model provides a good fit to the data.

A first impression of the effect of the different treatmentsis obtained by constructing plots of
the random effects by treatment group (Section F.5). From Figure F.2 it is evident that the

5 mg/kg group has higher values for the parameter £3,. Formal testing is carried out in Section
F.6. First, model (4.22), with allowance for treatment effect on 3, aswell ason £, isfitted.
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Testing the joint effect of treatment on these parameters is carried out by alikelihood ratio
test (Section F.7) with the former fit, i.e. model (4.23). The resulting p-value of 0.005isa
strong indication that the response curves differ from one another.

10.0
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1.0
1.0
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Figure 4.3 Individual levels of acetylcholine and fitted curves for the two treatment groups:
left panel 2.5 mg/kg, right panel 5 mg/kg.

Taking model (4.22), the next question is whether random effects are still needed. Likelihood
ratio tests of reduced models with model (4.22) yield a p-value of 0.402 and 0.398 for the
presence of random effectsin G, and 3> respectively (Section F.8). Testing for the impor-
tance of random effectsin 3,, when 3, is considered fixed, yields a p-value of 0.074. Al-
though, the latter result is somewhat borderline, it was decided to remove random effects
from both parameters.

Next, the test on treatment difference is reduced to likelihood ratio tests on the significance
of the parameters 3, and 3, (Section F.9). For 3, the result is borderline significant with a p-
value of 0.049, while for 3, no difference between the treatment groups is detected (p =
0.787). Section F.10 shows afit to the model with random effects only present in the base-
line () and atreatment effect only for the initial rise (£,). The graphical assessment of the
model (Fig. F.3) shows that this rather simple model provides a surprisingly good description
of the data. The fitted population model is also depicted in Figure 4.5 as a continuous curve.

4.5 Summary

Repeated measures in nonlinear models can be handled using individual fits or linearization
methods. In some instances, i.e. no missing data present and small intra-individual variation,
individual fits can provide a simple and valid solution. However, when there are missing
data, linearization methods are more appropriate. The nime implementation of the Lind-
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strom-Bates algorithm is the most appealing. However, convergence problems occur fre-
guently when using this method. An alternative method, that isimplemented in SAS, isthe
V onesh-Carter first-order linearization.



5.
Concluding remarks

The main purpose of this project was to study some new developments in nonlinear regression
techniques and to look at their applicability in experimental pharmacology. This covered items
that are somewhat scattered in the literature, i.e. importance of parametrization, use of profile
likelihood intervals, heterogeneity of variance, and repeated measurements. Asis shown in many
applications these technigues can be quite powerful tools for answering specific research ques-
tions. However, several items were necessarily not covered. For instance, robust estimation is
discussed in some part by Seber and Wild (1989), and Carroll and Ruppert (1988). These tech-
nigques are especially promising in laboratory systems, where parameter estimation is carried out
by laboratory personnel with only alimited statistical background. Experimental design issues,
such as the construction of D-optimal designs, are al'so of particular importance to investigators.
Another interesting issue, worth further study, is the sequential determination of parameters such
as |Csp-values.

Use of resampling techniques like bootstrapping is often advocated and has not been discussed
in this project. My experience with these techniques in nonlinear regression, isthat they are often
confronted with convergence problems, especially in those cases where their application is most
interesting. In the repeated measures context, it is not entirely clear how these techniques can be
applied. Computability can also be an issue in this area.

Convergence is aso the main problem in repeated measures when the problem is less well-
conditioned. It can take hours to find the right parametrization - initial value combination, and
having found aworking combination for some saturated model, does not automatically mean that
it will work for nested models as well.

When comparing different software implementations, S-Plus turned out to be the most flexible.
However, the documentation is sometimes very poor, even when supplemented with textbooks
like Venables and Ripley (1994), and Chambers and Hastie (1993) . For instance, no real de-
scription of the profile function could be found. The same remark applies even more to added
software as the nime library.
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Appendix A
Receptor-occupancy study

A.1 Data (source: A. Schotte, unpublished results)

Table A.1 Percentage receptor-occupancy as determined by autoradiography
Dose mg/kg
0.01 0.04 016 063 25 10
13 22 39 59 85 97
1 29 39 53 84 92
10 19 14 49 83 77
6 21 38 65 89
19 9 34 53 86
9 19 47 51
20 12 34 54

N O+~ 0

« Parameter coding of model (1.6): p = p (slope parameter), £ = log xso = 1X50

A.2 Starting Values

Plotting Log(y/(1-y) versus log dose shows the linear relation as in 1.4 (Fig. A.1). Linear
regression can be applied to (1.4) to find starting values of the 2-parameter logistic equation
(1.6).

Logit.Resp

0.01 0.05 0.50 5.00

Dose

Figure A.1 Plot of log(y/(100-y)) versus log dose,
the linear relation is used to obtain starting values
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Logi t. Resp<-1 og( Respons/ (100- Respons))

pl ot (Dose, Logi t. Resp, | og="x")
fit.lin<-1mLogit.Resp~LDose)
fit.lin$coefficient
(I'ntercept) LDose

0. 2606395 0. 7304701
> -fit.lin$coefficient[1]/fit.lin$coefficient[2]
(I'ntercept)

- 0. 3568106

V V. V V

A.3 S-Plus implementation

Gauss-Newton using analytical derivatives:

1. Building a function containing the model and the first derivative

> der<-deri v(Respons~100/ (1+exp(p* (I x50-10g(x)))),c("Ix50","p"), function(l x50, p, x)

+ NULL)

> der

function(l x50, p, x)
{

.expr2 <- x50 - (log(x))

.exprd <- exp((p * .expr2))

.exprb5 <- 1 + .expr4

.expr9 <- .exprb5n2

.val ue <- 100/.expr5

.grad <- array(0, c(length(.value), 2), list(NUL, c("Ix50", "p")))

.grad[, "Ix50"] <- - ((100 * (.expr4 * p))/.expr9)
.grad[, "p"] <- - ((100 * (.expr4 * .expr2))/.expr9)
attr(.value, "gradient") <- .grad

.val ue

2. Fitting the model:

> fit<-nls(Respons~der (| x50, p, Dose), dat a=Receptor. data, start=
+ l'ist(lx50=-0.36,p=0.73),trace=T)

4308.2 : -0.36 0.73

4119.25 : -0.219224 0.663316

4118.67 : -0.221245 0.667886

4118.67 : -0.220632 0.668104

> summary(fit)

Formul a: Respons ~ der2(1 x50, p, Dose)

Par anet ers:
Val ue Std. Error t val ue
| x50 -0.220632 0.1437070 -1.53529
p 0.668104 0.0642933 10.39150

Resi dual standard error: 10.4109 on 38 degrees of freedom
Correl ation of Parameter Estinates

I x50
p -0.121
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¢ Gauss-Newton using numerical derivatives:

>fit2<-nl s(Respons~100/ (1+exp(p* (| x50-10g(Dose)))), dat a=Receptor. data, start=
+ l'ist(lx50=-0.36,p=0.73),trace=T)

4308.2 : -0.36 0.73

4119.25 : -0.219224 0.663316

4118.67 : -0.221245 0. 667886

4118.67 : -0.220632 0.668104

> sunmary(fit2)

Formul a: Respons ~ 100/ (1 + exp(p * (I1x50 - 1og(Dose))))

Par anet ers:
Val ue Std. Error t val ue
| x50 -0.220632 0.1437070 -1.53529
p 0.668104 0.0642933 10.39150

Resi dual standard error: 10.4109 on 38 degrees of freedom
Correl ation of Paraneter Estimates

| x50
p -0.121

¢ Generating and supplying second derivatives with the MASS library:

> |ibrary(mass, first=T)
> der 2<-deriv3(~100/ (1+exp(p* (1 x50-10g(x)))),c("1x50","p"), function(lx50,p,x) NULL)
> der2
function(l x50, p, Xx)
{
.expr2 <- x50 - (log(x))
.exprd <- exp((p * .expr2))
.expr5 <- 1 + .expréd
.expr7 <- .expr4 * p
.expr8 <- 100 * .expr7
.expr9 <- .expr5n2
.exprl8 <- .expron2
.expr22 <- .expr4 * .expr2
.expr28 <- 2 * (.expr22 * .exprb)
.expr32 <-  -(((100*((.expr22*p) + .exprd))/.expr9) - ((.expr8*.expr28)/.exprl8))
.expr33 <- 100 * .expr22
.val ue <- 100/.expr5
.grad <- array(0, c(length(.value), 2), list(NULL, c("Ix50", "p")))
.hess <- array(0, c(length(.value), 2, 2), list(NULL, c("Ix50", "p"), c("Ix50","p")))
.grad[, "Ix50"] <- - (.expr8/.expr9)

.grad[, "p"] <- - (.expr33/.expr9)

.hess[, "Ix50", "Ix50"] <- -(((100*(.expr7*p))/.expr9)-((.expr8*(2*(.expr7*.expr5)))
/. exprl18))

.hess[, "p", "Ix50"] <- .expr32

.hess[, "Ix50", "p"] <- .expr32

.hess[, "p", "p"] <- -(((100*(.expr22*.expr2))/.expr9)-((.expr33 * .expr28)/.exprl8))
attr(.value, "gradient") <- .grad

attr(.value, "hessian") <- .hess

.val ue
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> fit3<-nls(Respons~der 2(| x50, p, Dose), dat a=Recept or. data, start= 1ist(lx50=-0. 35,
+ p=0.73), trace=T)

4293.33 : -0.35 0.73

4119.14 : -0.218807 0.663819

4118.67 : -0.221186 0.66793

4118.67 : -0.220628 0.668108

> sunmary(fit3)

Formul a: Respons ~ der2(1 x50, p, Dose)

Par anet ers:
Val ue Std. Error t val ue
| x50 -0.220628 0.1437070 -1.53526
p 0.668108 0.0642937 10.39150

Resi dual standard error: 10.4109 on 38 degrees of freedom
Correl ation of Paraneter Estimates:

I x50
p -0.121

A.4 SAS PROC NLIN implementation

» Setting up the partial derivatives:

With u = log(x) and & = log xs, the partial derivatives of (1.6) with respect to the parameters
p and £ are:

& __(E-wexplpe-w) & _ pexp(p(¢-u)

® - froslae- X feelpe-ul]

For the Newton-Raphson procedure in SAS, the second derivatives are also required:

oy _ exp(p(& - u))[exp( p( - w) -1 -u)’

d* [1 + exp( p(¢ - u))] ’
oy _ explp(¢ - ) exp(p( -w) -1Jp?
o’ [1 +exp(p(é - u))] i
oy _ exp(p(¢-w)|(pé - pu-1exp(p(€ ~u)) +pu ~p¢ -1
hdé [1+exp( p(f—u))]3
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* Gauss-Newton method

Title "Gauss-Newton®;
proc nlin data=receptor method=gauss;
parms Lx50=-0.36 p=0.73;
x=Lx50-01og(dose) ;
v=exp(p*x) ;
z=(1+v)**2;
model respons=100/(1+v);
der.p=-100*x*v/z;
der.1x50=-100*p*v/z;
run;
Gauss-Newton

Non-Linear Least Squares lterative Phase Dependent Variable RESPONS Method:
Gauss-Newton

Iter LX50 P Sum of Squares
(0] -0.360000 0.730000 4308.201154
1 -0.219224 0.663316 4119.252329
2 -0.221245 0.667886 4118.671803
3 -0.220632 0.668104 4118.667883
4 -0.220613 0.668134 4118.667853

NOTE: Convergence criterion met.

Non-Linear Least Squares Summary Statistics Dependent Variable RESPONS
Source DF Sum of Squares Mean Square
Regression 2 90581.332147 45290.666074
Residual 38 4118.667853 108.385996
Uncorrected Total 40  94700.000000
(Corrected Total) 39  34792.400000
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper

LX50 -.2206128566 0.14370339491 -.51152368260 0.07029796936
P 0.6681343248 0.06429652510 0.53797348037 0.79829516919

Asymptotic Correlation Matrix

Corr LX50 P
fEfrfffffffrfferfferrfferrffrrffrrrferrfeerere
LX50 1 -0.121338794

P -0.121338794 1
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» Steepest-Descent or Gradient method

Title "Steepest Descent”;
proc nlin data=receptor method=gradient;
parms Lx50=-0.36 p=0.73;
x=Lx50-1og(dose) ;
v=exp(p*x); z=(1+v)**2;
model respons=100/(1+v);
der.p=-100*x*v/z;
der. 1x50=-100*p*v/z;
run;

Steepest Descent

Non-Linear Least Squares lterative Phase
Method:

Gradient
Iter LX50
0 -0.360000
1 -0.297539
2 -0.278804
3 -0.256209
4 -0.236320
5 -0.230020
6 -0.225244
7 -0.223993
8 -0.222843
9 -0.221199
10 -0.221002
11 -0.220860
12 -0.220793
13 -0.220694
14 -0.220668
15 -0.220649

NOTE: Convergence criterion met.

Non-Linear Least Squares Summary Statistics

Dependent Variable RESPONS

P Sum of Squares

0.730000 4308.201154
0.621724 4213.139520
0.681350 4140.369074
0.659763 4127 .593882
0.683867 4125.704018
0.653259 4125.003273
0.684142 4124.901263
0.652917 4124.730918
0.668500 4118.696736
0.667446 4118.682179
0.668403 4118.670292
0.667935 4118.669274
0.668170 4118.668053
0.668098 4118.667933
0.668154 4118.667877
0.668130 4118.667863

Dependent Variable RESPONS

Source DF Sum of Squares Mean Square
Regression 2 90581.332137 45290.666069
Residual 38 4118.667863 108.385996
Uncorrected Total 40 94700.000000
(Corrected Total) 39  34792.400000
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper
LX50 -.2206489420 0.14370375332 -.51156049360 0.07026260951

P 0.6681298842 0.06429586494 0.53797037620 0.79828939215

Corr

Asymptotic Correlation Matrix
LX50 P

FEEEEFrrffrrrrfrrrrrerrrrffrrrfrefrrreerrrrees

LX50 1

-0.121335794
P -0.121335794 1
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¢ Levenberg-Marquardt method

Title "Marquardt®;

proc nlin data=receptor method=Marquardt;
parms Lx50=-0.36 p=0.73;
x=Lx50-1og(dose) ;

v=exp(p*x);

z=(1+v)**2;

model respons=100/(1+v);
der.p=-100*x*v/z;

der.1x50=-100*p*v/z;

run;
Marquardt
Non-Linear Least Squares lterative Phase Dependent Variable RESPONS
Method:
Marquardt
Iter LX50 P Sum of Squares
0 -0.360000 0.730000 4308.201154
1 -0.220734 0.664042 4119.089440
2 -0.221125 0.667884 4118.671045
3 -0.220634 0.668107 4118.667879
4 -0.220612 0.668134 4118.667853
NOTE: Convergence criterion met.
Non-Linear Least Squares Summary Statistics Dependent Variable RESPONS
Source DF Sum of Squares Mean Square
Regression 2 90581.332147 45290.666074
Residual 38 4118.667853 108.385996
Uncorrected Total 40 94700.000000
(Corrected Total) 39  34792.400000
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval

Lower Upper
LX50 -.2206124119 0.14370337915 -.51152320596 0.07029838220
P 0.6681344644 0.06429654213 0.53797358555 0.79829534332

Asymptotic Correlation Matrix

Corr LX50 P
FEFFEFFEFrerereereereererreffefrererrerrerre
LX50 1 -0.121338798

P -0.121338798 1
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« DUD method

Title "Doesn"t Use Derivatives (DUD)";
proc nlin data=receptor method=DUD;
parms Lx50=-0.36 p=0.73;
x=Lx50-1og(dose); v=exp(p*x);
model respons=100/(1+v);

run;
Doesn®"t Use Derivatives (DUD)
Non-Linear Least Squares DUD Initialization Dependent Variable RESPONS
DUD LX50 P Sum of Squares
-3 -0.360000 0.730000 4308.201154
-2 -0.396000 0.730000 4371.275680
-1 -0.360000 0.803000 4591.815817
Non-Linear Least Squares lterative Phase Dependent Variable RESPONS
Method: DUD
Iter LX50 P Sum of Squares
0 -0.360000 0.730000 4308.201154
1 -0.219965 0.661299 4119.842459
2 -0.212011 0.669630 4119.137174
3 -0.216850 0.667233 4118.759028
4 -0.219005 0.667638 4118.686710
5 -0.220630 0.668323 4118.668711
6 -0.220805 0.668071 4118.668184
7 -0.220648 0.668146 4118.667863
8 -0.220642 0.668145 4118.667860
NOTE: Convergence criterion met.
Non-Linear Least Squares Summary Statistics Dependent Variable RESPONS
Source DF Sum of Squares Mean Square
Regression 2 90581.332140 45290.666070
Residual 38 4118.667860 108.385996
Uncorrected Total 40 94700.000000
(Corrected Total) 39  34792.400000
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper

LX50 -.2206422504 0.14370358105 -.51155345318 0.07026895243
P 0.6681449983 0.06429313198 0.53799102291 0.79829897375

Asymptotic Correlation Matrix

Corr LX50 P
FEFFEFFEFrerereereererrerrefrefrererrerfefre
LX50 1 -0.121318388

P -0.121318388
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« Newton-Raphson (using second derivatives).

Title "Newton-Raphson®;

proc nlin data=receptor method=Newton;

parms Lx50=-0.36 p=0.73;

u=log(dose);

Xx=Lx50-u; v=exp(p*x);

z=(1+v)**2;

23=(1+v)**3;

model respons=100/(1+v);

der.p=-100*x*v/z;

der.1x50=-100*p*v/z;

der.p.p=100*x**2*v*(v-1)/z3;

der.1x50. Ix50=100*p**2*v*(v-1)/z3;

der.p. I1x50=100*v*((p*Ix50-u*p-1)*v+u*p-p*I1x50-1)/z3;
run;

Newton-Raphson

Non-Linear Least Squares lterative Phase Dependent Variable RESPONS
Method: Newton

Iter LX50 P Sum of Squares
0 -0.360000 0.730000 4308.201154
1 -0.232223 0.662451 4120.293002
2 -0.220547 0.668049 4118.668060
3 -0.220609 0.668137 4118.667853
4 -0.220609 0.668137 4118.667853

NOTE: Convergence criterion met.

Non-Linear Least Squares Summary Statistics Dependent Variable RESPONS
Source DF Sum of Squares Mean Square
Regression 2 90581.332147 45290.666074
Residual 38 4118.667853 108.385996
Uncorrected Total 40 94700.000000
(Corrected Total) 39  34792.400000
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper

LX50 -.2206090381 0.14256080716 -.50920682795 0.06798875174
P 0.6681368651 0.06607712608 0.53437140087 0.80190232925

Asymptotic Correlation Matrix

Corr LX50 P
FEFFEFFEFrerereereererrerrefrefrererrerfefre
LX50 1 -0.060005666

P -0.060005666 1
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A.5 Assessment of fit

« Plot of observed versus predicted values
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Fitted : fit$fitted.values

Figure A.2 Plot of observed versus predicted values

e Analysis of residuals

¢ Notice that in nonlinear regression the residuals can have mean value # 0.

> res<-fit$residuals
> nean(res)
[1] 0.771735

¢ Computation of studentized residuals: one extreme observation (# 33)

> nls.studres
function(grad, nls.fit)

{
v <- attributes(grad)$gradi ent
h <- diag(v %% solve(t(v) %%v) %B%t(v))
s <- summary(nls.fit)$sigm
r <- nls.fit$residuals/(s * sqrt(1l - h))
r
}

> pars<-fit$paraneters
> resid<-nls.studres(der(pars["|x50"], pars["p"], Receptor. dat a$Dose),fit)
> Receptor. dat a[ abs(stresid)>qt(0.95,38),]
Dose Respons LDose
33 2.5 51 0.9162907
> qqnorm(resid)
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« Normal quantile plot of studentized residuals: normality seems to be a plausible

assumption

resid
0

Quantiles of Standard Normal

Figure A.3 Normal quantile plot of studentized residuals

¢ Correlation between quantiles and expected value under normality (critical value

o =0.1, n =40: 0.977 (Neter, Wasserman, and Kutner, 1990).

> nqcor
function(x)

{

# Correlation between quantiles and expected val ue under normality

XS <- sort(x)
n <- length(x)

xn <- gnorn(((1:n) - 0.375)/(n + 0.25))
c(n, cor(xs, xn))

}

> nqcor (fita.stres)

[1] 40.0000000 0.9838331
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+ Plot of studentized residuals versus predicted values
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Figure A.4 Studentized residuals versus predicted values

* Influence of observation 33, Cook’s D

> nl's. CookD
function(grad, nls.fit)
{
v <- attributes(grad)$gradi ent
h <- diag(v %% solve(t(v) %%v) %%t(v))
s <- summary(nls.fit)$sigma
| <- h/((1 - h)"2)
D<- (I * (nls.fit$residuals*2))/(length(nls.fit$paraneters) * s"2)
D

}
> CooksD<-nl s. CookD(der (pars["|x50"], pars["p"], Recept or. dat a$Dose), fit)
> CooksD[ 33]

[1] 0.1030288

> 100* pf (CooksD{ 33], 2, 38)

[1] 10.46598
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Formal test on lack of fit

sse<-sun(fit $residual s"2)

df . sse<-summary(fit)$df[2]
attach(Receptor. dat a)

pure. error<-aov(Respons~as. fact or (Dose))
sspe<-sun( pure. error $resi dual s"2)
> df . sspe<-pure. error$df.residual
c(sse, df. sse)

[1] 4118.668  38.000

> c(sspe, df . sspe)

[1] 3705.657 34.000

> ss| f<-sse-sspe

> df . | f<-df.sse-df.sspe

> c(sslf,df.If)

[1] 413.0107 4.0000

> el f<-sslf/df.If

> nepe<- sspe/ df . sspe

> nspe

[1] 108.9899

> nsl f

[1] 103.2527

> f<-nmsl f/ mspe

> f

[1] 0.94736

> 1-pf (f,df.|1f,df.sspe)

[1] 0.4487107

V V. V V V
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A.6 Assessment of curvature

« Graphical assessment of parameter curvature:

> par (nfrow=sc(1,2), pty="s")
> plot(profile(fit), ask=F)

<
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IX50 p

Figure A.5 Profile t plot of £ =log Xsg and p

« Numerical measures of intrinsic and parameter curvature:

> |ibrary(nmass, first=T)

> enli st

function(vec)

{
X <- as.list(vec)
names(x) <- names(vec)
X

plist<-enlist(coef(fit))

der 2<-deri v3(Respons~100/ (1+exp(p* (I x50-10g(x)))),c("1x50","p"), function(l x50, p, x)
NULL)

fit.he<-nls(Respons~der2(l x50, p, Dose), start=plist, dat a=Recept or. dat a)

rns. curv(fit.he)

Paraneter effects: c~theta x sqrt(F) = 0.225

Intrinsic: chiota x sqrt(F) 0.1282

V V + V v
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< Wald and profile joint confidence regions (using the ellipse) library

> |library(ellipse, first=T)
> nl s. confreg
function(thefit, which = c(1, 2), al phamax = 0.05)

{
elll <- ellipse(thefit, which = which, level = 0.95)
ell2 <- ellipse(profile(thefit, alphamax = al phanax), which = which, level =
0. 95)
Xrange <- quantile(c(ell1[, 1], ell2[, 1]), probs = c(0, 1))
yrange <- quantile(c(ell1[, 2], ell2[, 2]), probs = c¢(0, 1))
plot(ell2, type ="I", pty = "s", xlim= xrange, ylim= yrange)
lines(elll, Ity = 2)
poi nts(t hefit$paranmeter[which[1]], thefit$paraneter[which[2]], pch = 3)
}
Q|
o
~o
o ©O
©
()
|
()
-0.6 -0.4 -0.2 0.0
IX50

Figure A.6 Joint 95% Wald (broken line) and likelihood (solid line) confidence regions.
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A.7 Profile likelihood confidence intervals

> Conf.int
function(object, parm |evel = 0.95)
{

# Author: W Venabl es
if(is.character(parm)
parm <- match(parm nanes(coef(object)), nomatch = 0)
pro <- profile(object, which = parm alphamax = (1 - level)/4[[parn]
X <- pro[, "par.vals"][, parnj
y <- proS$tau
n <- length(object$fitted. values) - |ength(object$paraneters)
cutoff <- qt(1 - (1 - level)/2, n)
if(max(y) < cutoff & min(y) > - cutoff)
stop("profiling did not extend far enough to give a conplete interval™")
sp <- spline(x, Yy)
approx(sp$y, sp$x, xout = c( - cutoff, cutoff))SPy
}
> Conf.int(fit,"Ix50")
[1] -0.50805146 0.07189714
> Conf.int(fit,"p")
[1] 0.5475247 0.8194141
> exp(Conf.int(fit,"lx50"))
[1] 0.6016668 1.0745448

A.8 Wald confidence intervals in S

est<-sumuary(fit)$paraneters

tval<-qt(1 - 0.5 * 0.05, summary(fit)$df[2])
conf<-cbind((est[,1]-est[,2]*tval),est[, 1] +test[,2]*tval)
conf

V V V V

[.1] [.2]
| x50 -0.5115527 0.07028779
p 0.5379492 0.79825903
> exp(conf[1,])
[1] 0.5995639 1.0728169
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Appendix B
Inhibition of growth rate of micro-organisms

B.1 Data (source: D. Weytjens)

Table B.1 Growth rate of micro-organisms at different concentrations of drug
Concentration (mg/l)

0.01 1 3.2 10 32 100
3.9546 4.0735 2.3507 -0.9894 -1.075 -1.0750
4.5965 3.8513 2.2504 -1.075 -0.8687 -1.7289
4.1846 3.7039 1.8368 -0.6974 -1.075 -0.9894

o Parameter coding of model (2.15): Ymin = Y0, Ymax=Y1, {=10g Xs0=Ix50, B=D

B.2 Starting Values

Starting values for yni, and ynax are obtained by taking the minimum and maximum of the
data. Next, the response is standardized to a range 0 - 1 and transformed to logits. From a plot
of the logits versus the logarithm of the dose, it follows that only the central portion of the
data can be approximated by a line. Linear regression yields -1.6465 as an estimate of the
slope and 2.0909 as estimate for the intercept. Hence, the starting value for Sis -1.65 and for
£=2.0909/1.6465 = 1.27.

> attach(M cro. organi sns)

> m n( Respons)

[1] -1.7289

> max( Respons)

[1] 4.5965 >
y<- (Respons- ni n( Respons) +0. 1) / ( 0. 2+max( Respons) - m n( Respons))
y2<-1og(y/(1-y))

pl ot (Dose, y2, |1 og="x", x| ab="Dose", yl ab="1o0gi t (standardi zed growth rate)")
> summary (I m(y2[ii]~log(Dose[ii])))

Call: Im(formula = y2[ii] ~ log(Dose[ii]))

Resi dual s

Mn 1Q Medi an 3Q Max
-0.3728 -0.2126 0.07253 0.1577 0.4018

Coefficients
Value Std. Error t value Pr(>|t])
(I'ntercept) 2.0909 0.1615 12.9483 0. 0000
log(Dose[ii]) -1.6465 0.1084 -15.1862 0.0000

Resi dual standard error: 0.3058 on 7 degrees of freedom
Mil tiple R-Squared: 0.9705
F-statistic: 230.6 on 1 and 7 degrees of freedom the p-value is 1.292e-006

Correl ation of Coefficients
(I'ntercept)

| og(Dose[ii]) -0.7757

> 2.0909/ 1. 6456

[1] 1.2706
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Figure B.1 Plot of logit of standardized growth rate versus dose,
the central portion can be used to determine starting values.

B.3 Nonlinear regression

o Parameter coding: Ymin = Y0, Ymax=Y1, £=1X50, S=D

e Gradient

> der4l <-deriv(~y0+(yl-y0)/ (1+exp(b*(Ix50-10g(x)))),c("y0","y1","b", "I x50")
+ function(y0, yl1, b, x50, x) NULL)

> der4
function(y0, yl1, b, x50, x)
{
.exprl <- yl1 - yO
.expr3 <- 1x50 - (log(x))
.expr5 <- exp((b * .expr3))
.expr6 <- 1 + .expr5
.expr9 <- 1/.expr6
.expril3 <- .expr6n2
.value <- y0 + (.exprl/.expr6)
.grad <- array(0, c(length(.value), 4), list(NULL, c("yO0","yl","b","1x50")))
.grad[, "y0"] <- 1 - .expr9
.grad[, "yl1"] <- .expr9
.grad[, "b"] <- - ((.exprl * (.expr5 * .expr3))/.exprl3)
.grad[, "Ix50"] <- - ((.exprl * (.expr5 * b))/.exprl3)
attr(.value, "gradient") <- .grad
.val ue
}




Gauss-Newton method

> fit4l <-nl s(Respons~der4l (y0, y1, b, | x50, Dose), M cro. or gani smns,
+ start=list(y0=-1.7,y1=4.6,b=-1.6,1x50=1. 3),trace=T)

3.08918 : -1.7 4.6 -1.6 1.3

1.40155 : -1.15282 4.15135 -2.16409 1.33079

1.09434 : -1.17481 4.13764 -2.61591 1.33939

1.07323 : -1.17086 4.1298 -2.80806 1.33583

1.07228 : -1.16898 4.12592 -2.85643 1.33578

1.07225 : -1.16836 4.12488 -2.86566 1.3358

1.07225 : -1.16824 4.12467 -2.86729 1.33581

> summary(fitd4l)

Formul a: Respons ~ der4l (y0, yl1, b, |x50, Dose)
Par anet ers:
Val ue Std. Error t val ue
y0 -1.16824 0.1158790 -10. 08160
yl 4.12467 0.1248770 33.02980
b -2.86729 0.5653110 -5.07205
I x50 1.33581 0.0577111 23.14650
Resi dual standard error: 0.276747 on 14 degrees of freedom
Correl ati on of Paraneter Estinates
y0 yl b
yl -0. 147
b -0.536 0.342
| x50 -0.486 -0.222 0.448

B.4 Assessment of fit

» Plot of observed versus predicted values

Fitted : fit4l$fitted.values
Figure B.2 Plot of observed versus predicted values
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* Analysis of studentized residuals

> pars<-fitd4l $paraneters
> stresid<-
nl s. studres(der4l (pars["Ix"], pars["b"], pars["y0"], pars["y1"], M cro. organi sns$Dose),
+ fitdl)
> stresid[abs(stresid)>qt(0.95,14)]
[1] 1.909224 -2.482780
> M cro. organi snms[ abs(stresid)>qt(0.95, 14),]
Dose Respons

2 0.01 4.5965
17 100.00 -1.7289
> qqnor m(stresid)
> ngcor (stresid)
[1] 18.0000000 0.9751829 # Critical value n = 20, alpha = 0.1: 0.960
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Figure B.3 Normal quantile plot of studentized residuals
N N L]
- 4
IS . '
3 ’ .
2 s
[0 X
¥ o o
e}
(0]
N .
E ..
S = .
2 ' . .
n
(\II -

-1 0 1 2 3 4

Predicted Values
Figure B.4 Studentized residuals versus predicted values

No real outlying observations present (absolute value of studentized residual > 4). Two
observations can be considered as extreme, namely the minimum and maximum of the data.
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* Cook's D: influence of extreme values:

> CooksD<-nl s. CookD(der 4l (pars["Ix"],pars["b"], pars["y0"], pars["y1l"],
+ M cro. or gani sns$Dose) , fit4l)

> CooksD[ c(2,17)]

[1] 0.2315114 0.7697355

> 100*pf (CooksD[ c(2, 17)], 4, 14)

[1] 8.394481 43.746376

* Comparison of models with possible influential case (# 17) omitted

Original fit:

> summary(fit4l)$paraneters
Val ue Std. Error t val ue
y0 -1.168237 0.11587865 -10. 081553
y1l 4.124673 0.12487742 33.029777
b -2.867285 0.56531068 -5.072052
I x50 1.335813 0.05771112 23.146546

Observation 17 omitted:

> summary(fit4l 2) $paraneters
Val ue Std. Error t val ue
y0 -1.051851 0.10417604 -10.096859
yl 4.101381 0.10223425 40.117486
b -3.270274 0.75983832 -4.303908
I x50 1.309017 0.04943874 26.477559

Formal test on lack of fit

sse<-sun(fit4l $resi dual *2)

df . sse<-sunmmary(fit4l)$df[ 2]
attach(M cro. organi sns)

pure. error<-aov(Respons~as. f act or (Dose))
sspe<-sun( pure. error $r esi dual "2)
df . sspe<-pure. error $df. resi dua
> c(sse, df. sse)

[1] 1.072246 14.000000

> c(sspe, df . sspe)

[1] 0.8631949 12. 0000000

> ssl| f<-sse-sspe

> df. | f<-df.sse-df.sspe

> c(sslf,df.If)

[1] 0.209051 2.000000

> el f<-sslf/df.If

> nepe<-sspe/ df . sspe

> nspe

[1] 0.0719329

> el f

[1] 0.1045255

> f<-nsl f/ nspe

> f

[1] 1.453097

> 1-pf (f,df. 1 f, df.sspe)

[1] 0.2721992

V V. V V V V
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B.5 Assessment of curvature

» Graphical assessment of parameter curvature:

> par(nfrow=c(2,2), pty="s")

> plot(profile(fitdl), ask=F)

Error in profile(fit4l): 6 NAs found in gradient
Dunped

Error was while calling subroutine "do_nls"

> plot(profile(fit4l,al phamax=0. 1), ask=F)
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Figure B.5 Profile t plots of the estimates for Ypin (Y0), Ymax (Y1), B (b), and & (Ix50)

Numerical measures of intrinsic and parameter curvature:

> library(mass,first=T)
> der4l 2<-deriv3(~y0+(yl-y0)/ (1l+exp(b*(1x50-10g(x)))),c("y0","yl","b","1x50"),
+ function(y0, y1, b, 1 x50,x) NULL)
> fit4l 2<-nl s(Respons~der 4l 2(y0, y1, b, | x50, Dose), M cr 0. or gani sns,
+ start=list(y0=-1.7,y1=4.6, b=-1. 6,1 x50=1. 3))
> rns.curv(fitdl?2)
Paraneter effects: c”theta x sqrt(F) 1.0081
Intrinsic: chiota x sqrt(F) = 0.1507




» 2-Dimensional projections of joint confidence regions (Wald & likelihood)
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Figure B.6 2-Dimensional projections of joint 95 % Wald (broken line) and likelihood (solid line) confidence
regions

B.6 Wald-type confidence intervals

tval <-qt (1-0.5*0. 05, summary(fit4l)$df[2])
est<-summary(fit4l)$paraneters
conf<-chind((est[,1]-est[,2]*tval), (est[, 1] +est[,2]*tval) )
conf

V V. V V

[.1] [.2]

y0 -1.416772 -0.9197018
yl 3.856838 4.3925089

b -4.079756 -1.6548146

I x50 1.212035 1.4595911

B.7 Profile likelihood confidence intervals

> Conf.int(fital, yo")
[1] -1.423528 NA
> Conf.int(fitdl,"yl")
[1] 3.858230 4.411603
> Conf.int(fital,"lx50")
[1] 1.198723 1.464992
> Conf.int(fital,"b")

[1] NA -2.014537




Appendix C
Metrazol-induced seizure threshold in rats

C.1 Data (source: Ashton, et al. 1992)

Table C.1 Effect of diazepam alone, or in combination with loreclezole (10 mg/kg) on
seizure threshold (mg/kg metrazole)

Dose diazepam (mg/kg p.o.)

0 0.31 1.25 5 10 20 40
A. Control

43.9 32.7 82.4 61.6 118 147.6 158.8
36.8 40 52.6 63 120.6 1245 145.6

37.8 33.3 42.1 66.9 151.4 163.8 186.9
37.3 38.2 38.2 59.3 66.7 173.9 184.2
50 46.2 56.7 65.1 57.7 96.6 180.8
45.4 37.8 52.6 58.4 95.3 104.3 207.4
49.1 42.9 71.1 54.1 77.9 141.4  219.7
58.6 41.7 36 58.3 1121 127.8 193.3
44.5 43.3 45 72.8 58.1 142.5 160.1

B. Loreclezole 10 mg/kg p.o.

53.9 48.2 53.2 159.5 1328 456.1 260
64.9 57.1 88.9 123.6 2082 1915 1778
77.5 59.3 80.7 140 118 246.8 336
46.3 44.5 49 85.6 138.6  361.2  186.7
78.7 78.4 94.6 119.7 200 2705  189.2
89.2 62.2 100 102.7  139.7  306.4  194.3
1036 719 82.1 153 1771  288.8 2334
94.7 78.5 61.8 163 167.6 2249 2427
45.7 54.4 65 84.3 101 207.4  319.1

e Zero-dose displacement:

Metrazol . dat a$Dose[ Met r azol . dat a$Dose==0] <- 0. 08

C.2 Starting Values

Lower asymptote and range from the data
Standardizing response to 0-1 scale and computing logit transformation

\

Control <-Metrazol . dat a[ Metrazol . dat a$Tr eat ==0, ]
quanti | e( Cont r ol $Respons, probs=c(0, 0. 025, 0. 975, 1))
0.0% 2.5% 97.5% 100. 0%
32.7 34.785 199.645 219.7
y<- (Control $Respons- 30)/ 200
y2<-logit(y)
pl ot (Cont rol $Dose, y2, | og="x")

\%
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Figure C.1 Plot of logit of standardized response versus dose,
the relation is close to linear and is used for the initial values of slope and potency.

< Linear regression of logit standardized response versus logarithm of dose

> x<-1 og(Control $Dose)
> sunmary (|l m(y2~x))
Call: Imformula = y2 ~ x)
Resi dual s:
M n 1Q Median 3Q Max
-1.676 -0.6592 0.002549 0.5882 2.521

Coefficients:
Value Std. Error t value Pr(>|t])
(I'ntercept) -1.9417 0. 1244 -15. 6032 0. 0000
X 0.6326  0.0532 11.8873  0.0000

Resi dual standard error: 0.8893 on 61 degrees of freedom
Mul tipl e R-Squared: 0.6985
F-statistic: 141.3 on 1 and 61 degrees of freedom the p-value is 0O
Correl ation of Coefficients:
(I'ntercept)
X -0.4352
> 1.9417/0. 6326
[1] 3.069396
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C.3 Unweighted Nonlinear Regression

> der.cO<-deriv(~

+ b0 + b4 * Treat + (bl + b5 * Treat)/(1 + exp((b2 + b6 * Treat)

+ * (b3 + b7*Treat - |og(Dose)))),

+ c("b0","b1", "b2","b3", "b4", "b5", "b6", "b7"),

+ function(bo0, bl, b2, b3, b4, b5, b6, b7, Dose, Treat) NULL)

> fit.cO0<-nl s(Respons~der.cO(b0, b1, b2, b3, b4, b5, b6, b7, Dose, Treat), Metrazol . data

+ start=list(b0=30, b1=190, b2=0. 6, b3=3, b4=0, b5=0, b6=0, b7=0), t r ace=F)
> sunmary(fit.c0)

Formul a: Respons ~ der.c0(b0, bl, b2, b3, b4, b5, b6, b7, Dose, Treat)
Par anet ers:

Val ue Std. Error

t val ue

b0
bl
b2
b3
b4
b5
b6
b7
Re

43.814900  8.182360 5.3548000
195. 012000 106. 520000 1.8307600

1

3

29

-2

1

-0

si dua

417910
066200
363400
276990
295100
838695

standard error

0.771693 1
0.847489 3
10. 915700 2
107. 846000 -0
1.083250 1
0. 855061 -0

8374000
6179900
6900300
0211133
1955700
9808590

36. 9351 on 118 degrees of freedom

Correl ation of Paraneter

Esti nat es:

bl
b2
b3
b4
b5
b6
b7

- 0.
0
- 0.
- 0.
0
- 0.
0

b0
440
513
296
750
434
365
294

bl

. 934
. 979
. 329
. 988
. 666
. 970

b2 b3 b4 b5 b6

-0.908

-0.384 0.222

0.923 -0.967 -0.382

-0.712 0.647 0.424 -0.733

0.900 -0.991 -0.199 0.967 -0.670

Plot of observed versus predicted values
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Figure C.2 Observed versus predicted response from an unweighted fit.
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logarithm of predicted values

Spearman correlation and plot of logarithm of absolute value of residuals versus

pars<-fit.cO$paraneters

vV + V V

Spearman's rank correl ation
data: fit.cO$fitted.value and abs(fit.cO.stres)
normal -z = 6.5194, p-value = 0
al ternative hypothesis: true rho is not equal to O
sanpl e estimates

rho
0. 5831143
> x<-log(fit.cO$fitted. val ues)
> y<-log(abs(fit.cO.stres))
> quantil e(y, probs=c(0.01, 0.99))

1% 99%
-4.054001 1.104495

fit.cO.stres<-nls.studres(der.cO(pars[1], pars[2], pars[3], pars[4], pars[5],
pars[ 6], pars[ 7], pars[8], Metrazol . dat a$Dose, Met razol . dat a$Treat), fit.cO)
cor.test(fit.cO$fitted.val ue, abs(fit.cO.stres), method="spearman")

> plot(x[y>-4],y[y>-4], x|l ab="Logarithm of Predicted Val ue", yl ab="Logarithm of Absolute

Studenti zed Residual")
> lines(lowess(x[y>-4],y[y>-4]) )
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Figure C.3 Scatterplot with lowess smoothing of logarithms of absolute values of studentized residuals versus
logarithms of predicted values from an unweighted least squares fit. Smallest three values of the absolute residuals

deleted.
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e Linear regression on logarithms of absolute values of studentized residuals versus
logarithms of predicted values

> [ m(y~x)
Cal l:
Imformula =y ~ x)
Coef ficients:
(I'ntercept) X
-6.356534 1.155136
Degrees of freedom 126 total; 124 residual
Resi dual standard error: 1.167237
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Figure C.4 Scatterplot with line of best fit of logarithms of absolute values of studentized residuals versus
logarithms of predicted values from an unweighted least squares fit. Smallest three values of the absolute
residuals deleted.




C.4 Implementing generalized least squares with pseudo-likelihood
estimation of the power of the mean variance function

» General function for GLS with pseudo-likelihood estimation

> nls.genls
function(frnodel, data, start, Respons, nriter = 1)
{
# Ceneralized | east squares for variance being a power of the nean
theDat <- chind(data, 1) #initial weights =1
v <- (dimanes(theDat)[[2]])
vidin(theDat)[2]] <- "w'
di manes(thebDat)[[2]] <- v
fiti < nls(fnodel, theDat, start = start, trace = T) # fit nodel of form (Y-Pred)
fitig$fitted. values <- fiti$fitted. values + theDat[, Respons]
# lterate
for(iter in Linriter) {
gnean <- exp(mean(log(fiti$fitted.values))) # Geonetric nean of fitted val ues
vie <- me( ~ (fiti$residuals * (grmean/fiti$fitted.val ues)”theta)”2, start =
list(theta = 0), trace = T) # Variance function estimation
# Refit nopdel using estimated weights
theDat $w <- (fiti$fitted.values)”(-2 * vfe$paraneters) # Estimated wei ghts
fiti < nls(fnodel, theDat, start = start, trace = T) # fit
fitig$fitted.values <- fiti$fitted. values/sqrt(theDat$w) + theDat[, Respons]
fiti$residuals <- fiti$residual s/sqrt(theDat$w)
}
fiti$variance. par <- vfe$paraneters
fiti $GLSwei ghts <- theDat $w
fiti$residuals <- fiti$residuals * sqrt(fiti $GSwei ghts)
fiti fiti

« Definition of estimation function of the problem and sample run.

> | ogi stic8p
function(resp, treat, Dose, bO, bl, b2, b3, b4, b5, b6, b7, w
{
Pred <- b0 + b4 * treat + (bl + b5 * treat)/(1 + exp((b2 + b6 * treat) * (b3 +
+ b7 * treat - |og(Dose))))
(resp - Pred)*sqgrt(w)

}

> fit.cl<-nls.genls(~logistic8p(Respons, Treat, Dose, b0, bl, b2, b3, b4, b5, b6, b7, w),
+ Metrazol . dat a, start=Iist(b0=43. 8, b1=195, b2=1. 42, b3=3. 1, b4=29. 4,
+ b5=-2. 28, b6=1. 30, b7=-0. 84), "Respons”, nri t er =5)




> summary(fit.ch)

For mul a:
Par anet ers:

Val ue Std
b0 43. 130700 2.
bl 241.462000 154.
b2 1.222640 0.
b3 3.413250 1
b4 24. 516900 4,
b5 -26.630600 160.
b6 0.516366 0.
b7 -1.152480 1.

Resi dual standard

. Error
587190
960000
397207
. 025400
622620
327000
662590
067280

error: O.

~ logi stic8p(Respons, Treat,

t val ue
16. 670900
. 558220
. 078090
. 328710
. 303670
. 166101
. 779314
. 079830

P O O 0l W Wk

Dose,

b0, b1, b2, b3, b4, b5 b6, b7, w

136789 on 118 degrees of freedom

Correl ati on of Paraneter Estinmates:

bl
b2
b3
b4
b5
b6
b7

b0 bl
-0. 469
0.601 -0.909
-0.463 0.991 -

b2

0. 938

b3 b4

-0.560 0.262 -0.336 0.259

0. 453 -0.967

0.878 -0

958 -0.334

b5

-0.360 0.545 -0.599 0.562 0.522 -0.687
0.901 -0.961 -0.299 0.985 -0.715

0.445 -0.952

b6

Table C.2 Effect of number of iterations of generalized least squares on parameter estimates and their
standard errors (italic).

Iterations Parameter
Bo B: B2 Bs B4 Bs Be Bz 0
0" 43.82 195.0 1.418 3.066 29.36  -2.277 1.295 -0.839 -
8.18 106.5 0.772 0.847 10.92 107.85 1.083 0.855
1 43.19 240.4 1.227 3.408 24.28 -27.547 0.468 -1.161 1.110
2.63 151.9 0.398 1.012 493 157.30 0.648 1.055
2 43.13 241.9 1.222 3.416 2454 -27.225 0.525  -1.157 1.137
2.58 155.9 0.397 1.029 461 161.16 0.666 1.071
3 43.13 241.4 1.223 3.413 2451 -26.466 0.514 -1.151 1.131
2.59 154.8 0.397 1.025 4.62 160.20 0.662 1.067
5 43.13 241.5 1.223 3.413 2451 -26.504 0.515  -1.152 1.132
2.59 155.0 0.397 1.025 4.62 160.35 0.662 1.067
10 43.13 241.5 1.223 3.413 2451 -26.504 0.515  -1.152 1.132
2.59 155.0 0.397 1.025 4.62 160.36 0.662 1.067
100 43.13 241.5 1.223 3.413 2451 -26.504 0.515 -1.152 1.132
2.59 155.0 0.397 1.025 4.62 160.36 0.662 1.067

*. unweighted nonlinear least squares



C.5 SAS Implementation

data one;
set metrazol;
Y=respons;
%macro gls(nriter=2);
Titlel “Metrazol Data: Generalized Least Squares Analysis”®;
Title2 "Variance modelled as a power of the mean”;
Title3 "Pseudo MLE of the variance power parameter, &Nriter iterations';
Fxx Unweighted Regression Stage Fxx
Proc Nlin;
parms b0=44 b1=195 b2=1.4 b3=3.1 b4=29 b5=-2.3 b6=1.3 b7=-0.84;
f=bO+b4*treat+(bl+b5*treat)/(1+exp((b2+b6*treat)*(b3+b7*treat-log(dose))));
model Y=F;
output out=two r=resid p=pred;
run;
%DO 1=1 %TO &NRITER;
data three;set two;lIpred=log(pred);run;
*** Compute and output the geometric mean of the fitted values ***;
Proc Means noprint;
var lpred;
output out=four mean=mlog;
data five;merge three four;
retain x O;
if _n_=1 then x=mlog;
if mlog=. then mlog=x;
*** Estimate the variance parameter by nonlinear least squares ***;
data six;
set five;
Dummy=0;
Taudot=exp(mlog);
Proc nlin noprint;
parms gamma=1;
bounds gamma>-1.5, gamma<l.5;
g=(Resid)*((Taudot/Pred)**gamma) ;
model dummy=G;
output out=seven parms=gamma;
*** Stage 3 : Weighted estimation of the regression parameters ***;
data eight;
merge six seven;
v=pred**(2*gamma) ;
wt=1/v;
drop gamma pred resid;
proc nlin noprint;
parms b0=44 b1=195 b2=1.4 b3=3.1 b4=29 b5=-2.3 b6=1.3 b7=-0.84;
f=bO+b4*treat+(bl+b5*treat)/(1+exp((b2+b6*treat)*(b3+b7*treat-log(dose))));
model y=f;
_weight_=wt;
output out=two r=resid p=pred;
run;
%end;
proc nlin data=eight;
parms b0=44 b1=195 b2=1.4 b3=3.1 b4=29 b5=-2.3 b6=1.3 b7=-0.84;
f=bO+b4*treat+(bl+b5*treat)/(1+exp((b2+b6*treat)*(b3+b7*treat-log(dose))));

model y=f;
_weight_=wt;
run;
%mend;

%gls(nriter=100);
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a1
32
33
34
35
36
37
38

39

44.
-300000
48.
-300000
44.
-300000
44.
-300000
44.
-300000
44.
-300000
44.
-300000
44.
-430000

[

43.
0.
43.
0.
43.
0.
43.
0.
43.
0.
43.
0.
43.
0.
43.
0.
43.
0.

BO
B6
000000

400000

000000

000000

000000

000000

000000

000000

116751
520118
123696
516826
130241
515905
131127
515609
132888
515217
134305
515445
134255
515703
135422
515309
135499
515329

Metrazol Data: Generalized Least Squares Analysis
Variance modelled as a power of the mean
Pseudo MLE of the variance power parameter, 100 iterations

Non-Linear Least Squares DUD Initialization

NOTE: Convergence criterion met.

Corr

BO
Bl
B2
B3
B4
B5
B6

B

0

1

-0.46939025
0.599689963
-0.46316333
-0.55986065
0.453864604
-0.35935602

Dependent Variable Y

B1 B2 B3 B4 B5 Weighted SS
B7
195.000000 1.400000 3.100000 29.000000 -2.300000 2.378294
-0.840000
195.000000 1.400000 3.100000 29.000000 -2.300000 2.570512
-0.840000
214.500000 1.400000 3.100000 29.000000 -2.300000 2.411122
-0.840000
195.000000 1.540000 3.100000 29.000000 -2.300000 2.415806
-0.840000
195.000000 1.400000 3.410000 29.000000 -2.300000 2.846973
-0.840000
195.000000 1.400000 3.100000 31.900000 -2.300000 2.415135
-0.840000
195.000000 1.400000 3.100000 29.000000 -2.530000 2.378555
-0.840000
195.000000 1.400000 3.100000 29.000000 -2.300000 2.392622
-0.840000
241.752183 1.221443 3.415110 24.531578 -27.205468 2.276871
-1.156717
241.491557 1.222009 3.413453 24 .523700 -26.653141 2.276869
-1.152575
241.448573 1.222645 3.412854 24.520114 -26.630849 2.276869
-1.152053
241.438931 1.222676 3.412897 24.516260 -26.589260 2.276869
-1.151983
241.138339 1.223309 3.411203 24.514015 -26.323847 2.276869
-1.150318
241.090329 1.223444 3.410878 24.512343 -26.298594 2.276869
-1.150171
241.175945 1.223358 3.411343 24.511927 -26.357054 2.276869
-1.150465
240.899077 1.223980 3.409481 24.514657 -26.064061 2.276869
-1.148614
240.912498 1.223938 3.409580 24.514342 -26.076639 2.276869
-1.148703
Non-Linear Least Squares Summary Statistics Dependent Variable Y
Source DF Weighted SS Weighted MS
Regression 8 39.387601910 4.923450239
Residual 118 2.276868615 0.019295497
Uncorrected Total 126  41.664470524
(Corrected Total) 125 10.079028956
Parameter Estimate Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper
BO 43.1354993 2.59431445 37.99801132 48.27298720
B1 240.9124979 154.17928292 -64.40677711 546.23177301
B2 1.2239381 0.39763612 0.43650432 2.01137185
B3 3.4095797 1.02194605 1.38583291 5.43332648
B4 24.5143424 4.62866638 15.34825321 33.68043166
B5 -26.0766392 159.42276290 -341.77951106 289.62623262
B6 0.5153286 0.66333902 -0.79827323 1.82893042
B7 -1.1487025 1.06312696 -3.25399935 0.95659428
Asymptotic Correlation Matrix
B1 B2 B3 B4 B5 B6 B7
FErfffrff i i fffffrfffffffffffffrffffffrfffrfffrfffrffffffrfffrfffrffreffrfrfrefrrffrrfrrerrrefrrefrreer
-0.46939025 0.599689963 -0.46316333 -0.55986065 0.453864604 -0.35935602 0.445174779
1 -0.90883553 0.990667896 0.261747655 -0.96645992 0.545285935 -0.95188084
-0.90883553 1 -0.93792723 -0.33654393 0.878427783 -0.60032575 0.901110162
0.990667896 -0.93792723 1 0.258510153 -0.95737302 0.562863996 -0.9607451
0.261747655 -0.33654393 0.258510153 1 -0.33330544 0.522556211 -0.29737004
-0.96645992 0.878427783 -0.95737302 -0.33330544 1 -0.68743347 0.984516687
0.545285935 -0.60032575 0.562863996 0.522556211 -0.68743347 1 -0.71478186
-0.95188084 0.901110162 -0.9607451 -0.29737004 0.984516687 -0.71478186 1

B7

0.445174779




C.6 Assessment of generalized least squares fit
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Fitted : fit.c5%fitted.values
Figure C.5 Observed response versus values predicted from a generalized least squares fit.

> nls.studres
function(grad, nls.fit)

{
v <- attributes(grad)$gradient * sqgrt(nls.fit$C Sweights)
h <- diag(v %% solve(t(v) %%v) %%t(v))
r <- (nls.fit$residuals)/(summary(nls.fit)$sigma * sqrt(1 - h))
r
}

> pars<-fit.cb$paraneters

>

> fit.ch.stres<-

nl s. studres(der.cO(pars[1], pars[2], pars[3], pars[4], pars[5], pars[6], pars[7], pars[8],
+ Met r azol . dat a$Dose, Met razol . dat a$Treat),fit.ch)

>

> cor.test(fit.c5%fitted. val ue, abs(fit.c5.stres), met hod="spearman")

Spearman's rank correl ation

data: fit.c5%fitted.value and abs(fit.c5.stres)
normal -z = 0.416, p-value = 0.6774
alternative hypothesis: true rho is not equal to 0
sanpl e estimates

rho
0. 0372143
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Figure C.6 Studentized residuals versus fitted values
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Figure C.7 Scatterplot with lowess smoothing of logarithms of absolute values of studentized residuals versus
logarithms of predicted values from a generlaized least squares fit (smallest values of the absolute residuals
deleted).
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> nqgcor (fit.c5.stres)
[1] 126. 0000000 0.9773788
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Figure C.8 Normal probability plot of studentized residuals from generalized least squares fit.
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Figure C.9 Histogram of studentized residuals from generalized least squares fit.
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C.7 Log-Transform of response and estimation function

> der. cOl <-deri v(

+ ~l og(b0 + b4 * Treat + (bl + b5 * Treat)/(1 + exp((b2 + b6 * Treat)
+ * (b3 + b7*Treat - log(Dose))))),

+ c("b0", "bl1", "b2","b3", "b4", "b5", "b6","b7"),

+ function(bo0, bl, b2, b3, b4, b5, b6, b7, Dose, Treat) NULL)

> fit.cOl<-

nl s(1 og( Respons) ~der. c0l (b0, b1, b2, b3, b4, b5, b6, b7, Dose, Treat), Metrazol . data
start=list(b0=43, b1=241, b2=1. 22, b3=3. 41, b4=24. 5, b5=- 26. 5, b6=0. 51, b7=-

.15), trace=T)

.06812 : 43 241 1.22 3.41 24.5 -26.5 0.51 -1.15

. 96626 : 42.5489 241.297 1.24915 3.43505 22.9437 -35.5729 0.476289 -1.176

. 96613 : 42.6004 236.106 1.26469 3.39943 22.9271 -30.3362 0.462622 -1.14141

. 96613 : 42.6116 235.737 1.26693 3.39649 22.9125 -29.8904 0.459214 -1.13786

summary(fit.cOl)

vV O 0 O N - +

Formul a: | og(Respons) ~ der.cOl (b0, bl, b2, b3, b4, b5, b6, b7, Dose, Treat)

Par anmet er s:
Val ue Std. Error t val ue
b0 42.611600 2.633620 16.179800

bl 235.737000 140.801000 1.674260
b2 1.266930  0.405907  3.121230
b3 3.396490 0.936507 3.626770
b4  22.912500 4.585670  4.996550
b5 -29.890400 145.164000 -0.205908
b6 0.459214  0.640777  0.716651
b7 -1.137860 0.974050 -1.168170

Resi dual standard error: 0.242971 on 118 degrees of freedom

Correl ation of Paraneter Estinates
b0 b1 b2 b3 b4 b5 b6
bl -0.448
b2 0.573 -0.913
b3 -0.434 0.991 -0.938
b4 -0.574 0.257 -0.329 0.250
b5 0.435 -0.970 0.886 -0.961 -0.328
b6 -0.363 0.578 -0.633 0.594 0.511 -0.711
b7 0.418 -0.953 0.902 -0.961 -0.284 0.985 -0.737
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C.8 Assessment of double log-model
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Fitted : fit.cOI$fitted.values

Figure C.10 Observed response versus values predicted from a model with logarithms of both response and
estimation function.

> pars<-fit.cOl $paraneters

> fit.cOl $G.Swei ght s<-1

> fit.cOl.stres<-

nl s. studres(der.cOl (pars[1], pars[2], pars[3], pars[4], pars[5], pars[6], pars[7], pars[8],
+ Metrazol . dat a$Dose, Metrazol . data$Treat),fit.cOl)

> cor.test(fit.cOl $fitted. val ue, abs(fit.cOl.stres), met hod="spear man")

Spearman's rank correl ation

data: fit.cOl$fitted.value and abs(fit.cOl.stres)
normal -z = 1.5223, p-value = 0.1279
alternative hypothesis: true rho is not equal to O
sanpl e estimates:
rho
0. 1361638
> x<-log(fit.cOl$fitted. val ues)
> y<-log(abs(fit.cOl.stres))
> quantile(y, probs=c(0.01,0.99))
1% 99%
-3.863763 0.8580842
> plot(x[y>-4],y[y>-4],xlab="Logarithm of Predicted Val ue", yl ab="Logarithm of
Absol ute Studentized Residual")
> lines(lowess(x,Yy))
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Figure C.11 Studentized residuals versus fitted values
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Figure C.12 Scatterplot with lowess smoothing of logarithms of absolute values of studentized residuals versus
logarithms of predicted values from a fit using logarithms of both response and estimation function
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> nqgcor (fit.cOl.stres)

[1] 126.0000000

0. 9963734

fit.cOl.stres

™

Quantiles of Standard Normal

Figure C.13 Normal probability plot of studentized residuals.

C.9 Backward elimination of parameters from model (3.10)

Table C.3 Summary of backward elimination of parameters from model (3.10)

Step Parameter MSE F Prob > F
0 Model: all parameters MSE = 0.242971 with 118 d.f.
Ba 0.260199 9.44 0.003
BGs 0.242004 0.53 0.470
Bs 0.242518 0.78 0.380
yea 0.245500 2.24 0.137
1 Model: S5 removed MSE = 0.242004 with 119 d.f.
B 0.261341 10.59 0.001
Bs 0.242025 1.01 0.317
yea 0.253563 6.73 0.011
2 Model: S5 removed MSE = 0.242025 with 120 d.f.
B 0.268324 14.15 <0.001
By 0.271796 15.88 <0.001
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C.10 Assessment of reduced model

> summary(fit.b5. b6)

Formul a
 og(Dose)))))

Par anmet er s:

| og(Respons) ~ log(b0 + b4 * Treat + bl/(1 + exp(b2 * (b3 + b7 * Treat -

Val ue Std. Error t val ue
b0 43. 44170 2.265110 19.17860
bl 217.54800 37.292500 5. 83355
b2 1. 44230 0. 244708 5. 89397
b3 3. 23096 0.285875 11.30200
b4 20. 66980 3.988670 5.18212
b7 -0. 88156 0.158636 -5.55712
Resi dual standard error: 0.242025 on 120 degrees of freedom
Correl ation of Paraneter Estinates
b0 b1l b2 b3 b4
b1l -0.26500
b2 0.39200 -0.80500
b3 -0.15100 0.93000 -0.84800
b4 -0.43500 -0.09550 0.10900 -0.18100
b7 -0.20100 0.00866 0.12100 -0.22100 0.51400
> exp(3.23096)
[1] 25.30394
> exp(-0.88156)
[1] 0.4141364
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Fitted : fit.b5.b6%fitted.values
Figure C.14 Observed response versus values predicted from reduced model
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Figure C.15 Profile t plots for final model

> plist<-enlist(coef(fit.b5.b6))

> der. c2<-

+ deriv3(~log(b0 + b4 * Treat + bl/(1 + exp(b2 * (b3 + b7 * Treat - |log(Dose)))))

+ ,c("b0","b1","b2","b3", "b4","b7")

+ ,function(bO, bl, b2, b3, b4, b7, Treat, Dose) NULL)

fit.c.he<-nls(log(Respons)~der.c2(b0, bl, b2, b3, b4, b7, Treat, Dose),

+ start=plist, data=Metrazol . dat a)

> rns.curv(fit.c.he)

Paraneter effects: c~theta x sqrt(F)
Intrinsic: chiota x sqrt(F)

1. 1444
0. 2141

* Profile likelihood confidence intervals

> Conf.int(fit.Db5.b6, " bo")
[1] 38.96894 48.04859
> Conf.int(fit.Db5.b6,"bl")
[1] 167.4105 336.4079
> Conf.int(fit.Db5.b6,"b2")
[1] 1.036254 1.990565
> Conf.int(fit.Db5.b6,"b3")
[1] 2.789632 3.999388
> Conf.int(fit.Db5.b6,"bd")
[1] 12.90833 28.70821
> Conf.int(fit.Db5.b6,"b7")
[1] -1.2036338 -0.5759102
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Wald-type confidence intervals

V V. V V

bl
b2
b3
b4
b7

tval <-qt (1-0.5*0. 05, sumrary(fit.b5.b6)$df[2])
est<-summary(fit.b5. b6)$paraneters
conf<-chind(est[, 1] -est[, 2] *tval,est[, 1] +est[, 2] *tval)
conf
[.1] [.2]
38. 9569148 47.9264333
143.7109444 291. 3840653
0. 9577959 1. 9268055
2.6649465 3. 7969729
12. 7724950 28.5670866
-1.1956484  -0.5674712

C.11 Fitting the reduced model with generalized least squares

Fo

Pa

b0
bl
b2
b3
b4
b7

Re

fit.fingls<-nls.genls(~logistic6p(Respons, Treat, Dose, b0, b1, b2, b3, b4, b7, w),
Metrazol . data, start=list(b0=43. 8, b1=195, b2=1. 42, b3=3. 1, b4=29. 4,

b7=-0.84), " Respons”, nri ter=5)

summary(fit.fingl

rmula:  ~ | ogi st

rameters:
Val ue Std

44, 107000 2
229. 825000 46
1. 403510
3.269260

21. 925200

- 0. 885422

o M OO

si dual

s)
c6p(Re
Error

199000
394900

. 250191
. 334762
. 039490
. 171179

standard error

Correl ati on of Paraneter

bl
b2
b3
b4
b7

b

spons, Treat, Dose, b0, bl, b2, b3, b4, b7, w)

t val ue
20. 05770
. 95366
. 60976
. 76593
. 42771
. 17250

g o o g b

0. 133706 on 120 degrees of freedom

Esti mat es
2 b3

-0.3980 -0.0864 0.1150 -0.1630
-0.1730 0.0209 0.1220 -0.1900

o]0] bl
-0.2770
0.4130 -0.8030
-0.1950 0.9390 -0.8630
> fit.fingls$variance. par
theta
. 138252

1

> exp(3.26926)
[1] 26.29188

> exp(-0.885422)
[1] 0.41254

b4

0. 4990
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Wald confidence intervals

V V. V V

bl
b2
b3
b4
b7

tval <-qt (1-0.
est <- sunmmary
conf <-chi nd(e
conf
[.1]
39. 7531084
137. 9658966
0. 9081502
2.6064578
13. 9272772
-1.2243446

5*0. 05, sunmary(fit.fingls)$df[2])
(fit.fingls)$paranmeters
st[,1] -est[, 2] *tval,est[, 1] +est[, 2] *tval)

[.2]

48. 460850
321. 683384
1. 898872
3. 932069
29. 923088
-0. 546500

Profile likelihood confidence intervals

>
>
>
+
+
+
>
[

>

Met r azol . wdat
Met r azol . wdat
fit.fingls2<-

Conf.int(fit

Conf.int(fit

a<- Metrazol . data

a$w<-fit.fingl s$GSwei ghts

nl s(Respons*sqrt (w) ~

(bO+b4*Tr eat +b1/ (1+exp(b2* (b3+b7*Treat| og(Dose))))) *sqart(w),
dat a=Metrazol . wdat a,
start=list(b0=44, b1=230, b2=1. 4, b3=3. 3, b4=22, b7=-0.9))
.fingls2, "b0")

1] 39.57887 48. 34845

.fingls2, "b1")

[1] 167.5209 384. 4258

>

Conf.int(fit

.fingls2,"b2")

[1] 0.9914119 1.9853532

>

Conf.int(fit

.fingls2,"b3")

[1] 2.756266 4.191927

>

Conf.int(fit

.fingls2, "b4")

[1] 13.85825 29.86708

>
[1

Conf.int(fit
] -1.2302504

.fingls2,"b7")
- 0. 5559937

> exp( Conf.int(fit.fingls2, "b3"))
[1] 15.74095 66. 15017

> exp( Conf.int(fit.fingls2 "b7"))
[1] 0.2922194 0.5735021
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Appendix D

Inhibition of thromboxane A, formation in blood

samples

D.1 Data (source: J. Beetens, et al. ,1996).

Table D.1 Effect of ridogrel on the formation of TXB, (ng/ml) after stimulation

with calcimycin (25 pM) in blood samples of volunteers.

Ridogrel concentration (M)

Volunteer 0 10° 3x10° 10% 3x10® 107 3x107 10° 3x10° 10°
1 158.3 186.1 179.1 167.7 101.3 19.48 1056 4.17 199 1.07
2 9546 95.12 9091 70.29 3856 642 453 225 091 046
3 158.1 158.0 131.1 1346 7228 1481 582 217 116 0.81
4 29.1 26.75 2272 18.06 1180 446 111 047 074 0.70
5 67.36 62.16 6553 4481 3579 7.88 326 241 122 0.82
6 43.88 33.85 34.08 26.64 14.18 521 214 095 054 0.27
Mean 920 937 872 77.0 457 9.7 4.6 2.1 1.1 0.7
SD 56.0 659 59.7 61.1 349 6.1 3.4 1.3 0.5 0.3
D.2 Derivatives and OLS fit on pooled data
> txb2. fun<-deriv(~l og(b0+bl/(1+exp(b2*(b3-10g(Conc))))),
+ c("b0","bl","b2","b3"), function(b0, bl, b2, b3, Conc) NULL)
> txb2. fun
function(b0, bl, b2, b3, Conc)
{
.expr2 <- b3 - (log(Conc))
.exprd <- exp((b2 * .expr2))
.expr5 <- 1 + .expréd
.expr7 <- b0 + (bl/.exprb5)
.exprl4 <- .expr5n2
.value <- log(.expr7)
.grad <- array(0, c(length(.value), 4), list(NULL, c("b0", "bl", "b2", "b3")))

.grad[, "b0"] <- 1/.expr7
.grad[, "bl"] <- (1/.expr5)/.expr7

.grad[, "b2"] <- - (((bl * (.expr4 * .expr2))/.exprld)/.expr7)
.grad[, "b3"] <- - (((bl * (.expr4 * b2))/.exprld)/.expr7)
attr(.value, "gradient") <- .grad

.val ue
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> fit.pool <-nls(l og(Respons) ~t xb2. fun(bO0, bl, b2, b3, Conc), dat a=t xb2. dat a
+ start=list(b0=0, b1=100, b2=-0. 14, b3=-16), trace=T)

325.946 : 0 100 -0.14 -16

325.288 : 9.30733 82.9205 -0.168594 -16.3132

323.876 : 18.5956 64.8966 -0.216831 -16.5572

318.884 : 24.9345 50.8603 -0.29381 -16.6513

304.148 : 26.3343 44.2918 -0.408784 -16.636

269.345 : 22.0726 46.2 -0.562327 -16.6383

199. 122 : 12.8596 55.5962 -0.727188 -16.7935

87.7449 . 3.32444 67.6864 -0.862272 -17.1817
30.0002 : 0.618198 75.0934 -0.985697 -17.7075
27.2921 . 0.660118 80.0147 -1.08721 -17.9475
27.2329 : 0.659403 78.2985 -1.13776 -17.8142
27.2312 . 0.66082 78.7241 -1.13733 -17.8306

27.2312 : 0.661882 78.6587 -1.13881 -17.8272
> summary(fit. pool)

Formul a: | og(Respons) ~ txb2.fun(b0, bl, b2, b3, Conc)

Par anet er s:

Val ue Std. Error t val ue
b0 0.661882 0.200621 3.29917
bl 78.658700 14.635600 5. 37448
b2 -1.138810 0. 190851 -5.96699
b3 -17.827200 0.481173 -37. 04960

Resi dual standard error: 0.697331 on 56 degrees of freedom

Correl ation of Paraneter Estimates
b0 bl b2

bl -0.218

b2 -0.600 O0.464

b3 0.353 -0.747 -0.829

>
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D.3 Naive standard two-stage approach (means of individual estimates)

¢ Individual estimates

V + + + V

, dat a=t xb2. data, start=
list(bO=rep(1,6), bl=c(158, 95, 158, 29, 67, 44), b2=rep(-1.4,6), b3=rep(-17.8,6)))

sunmary(fit.indiv)

Formul a: | og(Respons)
log(Conc)))))
Par anet er s:

Val ue Std. Error
b01 1.002240 0.3153640
b02 0. 365048 0.1535180
b03 0.832865 0.1881520
b04 0.601420 0.0903884
b05 0.917765 0.2092250
b06 0.208765 0.0904550
b1l 193.201000 27.9537000
bl12 109. 710000 18.5226000
b13 161. 040000 22. 4445000
b14 24.103900 3.1421000
b15 68. 565300 10. 4129000
b16 41.968500 7.0237600
b21 -1.114040 0.1363620
b22 -0.963685 0.1098580
b23 -1.280260 0.1506200
b24 -1.647610 0.3094780
b25 -1.115970 0.1700120
b26 -0.934646 0.1199180
b31 -17.675500 0.3774480
b32 -18.364700 0.4521570
b33 -17.718400 0.3263690
b34 -17.278500 0.2997660
b35 -17.789100 0.4095010
b36 -18.150700 0.4771330
Resi dual standard error

oo
g b~ b
» O O

' ' '
w b Ol
0 W N

fit.indiv<-nls(log(Respons)~
1 og(bO[ Vol nr] +b1[ Vol nr]/ (1+exp(b2[ Vol nr]*(b3[ Vol nr]-1og(Conc)))))

val ue
. 17805
. 37788
. 42656
. 65373
. 38649
30794
91149
. 92301
. 17505
. 67126
. 58468
. 97522
. 16969
. 77212
. 49993
. 32385
. 56404
. 79407
. 82890
. 61570
. 28960
. 64010
. 44100
. 04130

[ T N T T |

~ log(bO[Volnr] + bil[Volnr]/(1 + exp(b2[Volnr]

0.227882 on 36 degrees of freedom

* (b3[ Vol nr]

» Means, standard errors

> fit.indiv.coef<-matrix(coef(fit.indiv),nrow=6, ncol =4)
t.indiv.coef

> fi

(1]
[2,]
[3.1]
[4,]
[5.]
[6,]

[1]
[1]

O O O O

[.1]

. 0022408
. 3650475
. 8328651
. 6014203
. 9177652

0. 2087648
> appl y(fit.indiv.coef, 2, nean)
0. 6546839 99. 7648374
> sqrt (apply(fit.indiv.coef,2,var)/6)

0.1300418 27.4604884 0.1070922 O

193.

109.

161.
24
68.
41.

[.2]
20131 -1
70970 -0
04025 -1
10390 -1
56535 -1
96851 -0

[.3]

1140373 -17
9636852 -18
2802609 -17
6476134 -17
1159682 -17
9346461 -18

-1.1760352

[.4]
67547
36465
71844
27854
78912
15074

-17.8294926

1560800
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D.4 Global two-stage method using EM-algorithm

> gl ob. two. st age
function(indivfit, nriter = 2, npar = 4, m= 6)
{
# d obal two-stage nethod for paraneter estination using EMal gorithm
betas <- matrix(coef(indivfit), nrow = m ncol = npar)
il <-¢c(0bm2*m 3*n # change this if npar <> 4
cv <- summary(indivfit)$cov.unscal ed
betac <- betas
beta2 <- betac
EBet a <- appl y(betas, 2, nean)
Dc <- cov.w (betas) $cov
for(ms in Ll:nriter) {
D1 <- O
iDc <- sol ve(Dc)
iSigm <- 0
for(i in1l:m {
icv <- solve(ev[ii + 1, ii + 1])
pl <- solve(icv + iDc)
DL <- DI + pl
p2 <- (icv %% betas[i, ] + iDc % % EBet a)
betac[i, ] <- pl %% p2
iSigma <- iSigma + solve(cv[ii + 1, ii + 1] + Dc)
}
W<- solve(m?* iDc)% % Dc
for(i in1l:m {
beta2[i, ] <- W% %betac[i, ]
}
Ebeta <- appl y(beta2, 2, sun
Ebet am <- matri x(Ebeta, nrow = m ncol = npar, byrow = T)
cp <- (t(betac - Ebetam)) % % (betac - Ebetam
Dc <- (D1 + cp)/m
}
Si gma <- sol ve(i Si gm)
list(betac, Ebeta, Signm)
}
gg2<-gl ob. two. stage(fit.indiv,nriter=200)
> gg2
[[111:
[.1] [.2] [.3] [.4]
. 7192977 121.39546 -1.136932 -17.84893
. 6488133 99.08588 -1.177140 -17.83094
. 6785195 108.20860 -1.162569 -17.83587
. 5923676 79.87084 -1.216676 -17.80681
. 6569446 100.81679 -1.174048 -17.83056
. 6308223 93.15691 -1.187224 -17.82536

(1]
[2.]
[3.]
[4.]
(5]
[6.]
[[211:

[1] 0. 6544608 100.4224150 -1.1757648 -17.8297434
[[31]:

O O O O o o

b01 b1l b21 b31
b01 0.32155200 -5.881263 -0.08913448 0.1510829
b1l -5.88126303 2624.753599 5.72819235 -25.2139068

b21 -0.08913448 5.728192 . 06042538 -0.1387243
b31 0.15108294 -25. 213907 -0.13872434 0. 4591572
# Standard errors

> sqrt(diag(gg2[[4]]/6))

[1] 0.2314995 20.9155190 0.1003539 0.2766337

o
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D.5 Lindstrom-Bates method (NLME-package)

« Approximate likelihood (pseudo-likelihood):

> txb2. fit0O<-

nl me( obj ect =l og( Respons) ~t xb2. fun(bO, b1, b2, b3, Conc), fi xed=li st (b0~., bl~., b2~.,b3~.)

+ randon¥l i st (b0~., bl~., b2~.,b3~.), cl ust er=~Vol nr, dat a=t xb2. dat a
+ start=list(fixed=c(1,70,-1.6,-17.4)))
> summary(txb2.fit0)

Cal |
Model : | og(Respons) ~ txb2.fun(b0, bl, b2, b3, Conc)
Fixed: list(bO ~ ., bl ~., b2 ~ ., b3 ~.)
Random list(b0 ~., bl ~., b2 ~., b3 ~.)

Cluster: ~ Volnr

Dat a: txb2.data
Estimation Method: M
Convergence at iteration: 12
Appr oxi mat e Logl i kel i hood: -12.28775
Al C. 54.5755
Bl C. 85.99067

Vari ance/ Covari ance Conponents Estimate(s)
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
b0 bl b2 b3
0. 2607517 60. 06326 0.1093486 0.2085867
Correl ation of Random Effects
b0 bl b2
bl 0.67424858
b2 -0.66987193 -0. 03420313
b3 0.88248127 0.26348922 -0.91247338
Cluster Residual Variance: 0.04789817
Fi xed Effects Estinate(s)
Val ue Approx. Std.Error 2z ratio(C

b0  0.6450992 0. 12222585 5.277928

bl 96.9215248 25. 17463594 3. 849967

b2 -1.1274409 0. 06916772 -16.300102

b3 -17.8396747 0. 16587704 -107.547585

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2

bl 0.5592912374
b2 -0.5734640080 0.0399294178
b3 0.5001017117 0.0004114797 -0.8252438148
Random Ef fects (Conditional Modes)
b0 bl b2 b3

0. 32379864 99.3167388 0.003383139 0.11061266
-0.16983751  0.1156571 0.078344215 -0.17232642
0.17840324 51.5342620 -0.059067242 0.09908762
-0. 09568079 -70.4351783 -0.082076770 0.06729817
0. 13536549 -26.5399460 -0.070357120 0.17708376
-0. 37204908 -53.9915335 0.129773777 -0.28175578
St andar di zed Popul ati on- Aver age Resi dual s

M n QL Med @ Max
-2.924744 -0.3792375 0.05231151 0. 6884802 2.242268
Nurmber of Observations: 60
Nurmber of Custers: 6

o O WDN P
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« Assessment of fit

|> pl ot (txb2.fit0, option="s")

Observed Values

Residuals

3 4 5

Fitted Values

-1

[,4
[,44

E———i:_a
E- -
[
-

Volnr

Residuals

.‘ . [ . ‘. .
L3 te
’.: f.‘o. c.c.:‘oo

-1 01 2 3 4 5

Fitted Values

Figure D.1 Plots of standardized residuals and fitted values of the model with random effects for all

parameters.
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D.6 Backward elimination of random effects

> anova(txb2.fit.bOf,txb2.fit0)
Response: | og( Respons)
txb2. fit. bOf
fixed: b0, bl, b2, b3
random bl, b2, b3
bl ock: list(1:3)
covariance structure: unstructured
serial correlation structure: identity
variance function: identity
txb2.fit0
fixed: b0, bl, b2, b3
random bO, b1, b2, b3
bl ock: list(1:4)
covariance structure: unstructured
serial correlation structure: identity
variance function: identity
Model Df Al C BIC Loglik Test Lik.Ratio P value
txb2. fit. bOf 1 11 55.207 78.245 -16.603
txb2.fit0 2 15 54.575 85.991 -12.288 1 vs. 2 8.6314 0.071004

Table D.2 Summary of backward elimination of random effect parameters from model (4.15)

Step Parameter Log likelihood  Likelihood Ratio P-value
as fixed
0 Model: all parameters random, log-likelihood = -12.29,
# parameters reference model =15, # parameters reduced model =11

i3 -16.60 8.63 0.071
B -38.19 51.8 <0.001
B -13.15 1.73 0.785
B -13.07 1.56 0.817

1 Model: random effects for 3; removed, log-likelihood = -13.07
# parameters reference model =11, # parameters reduced model =8

5o -16.68 7.22 0.065
B -61.44 96.7 <0.001
5 -13.33 0.53 0.911

2 Model: random effects for 3, removed, log-likelihood = -13.33
# parameters reference model = 8, # parameters reduced model =6
5o -18.31 14.15 0.007
e -60.99 95.32 <0.001




D.7 Fit of reduced model with only random effects for £ and B

» Approximate likelihood

> summary(txb2. fit.b3. b2f)

Call:

Model : | og(Respons) ~ txb2.fun(b0, bl, b2, b3, Conc)
Fixed: list(bO ~ ., bl ~., b2 ~ ., b3 ~.)

Random list(b0 ~ ., bl ~.)

Cluster: ~ Volnr

Data: txb2.data

Estimation Method: M

Convergence at iteration: 4

Appr oxi mate Logli kel i hood: -13.33367
Al C. 42.66734

BI C. 59.4221

Vari ance/ Covari ance Conmponents Estimate(s):
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
b0 bl
0. 2276653 62. 6181
Correl ati on of Random Ef fects
b0
bl 0.7982952

Cl uster Residual Variance: 0.0529698

Fi xed Effects Estimate(s):
Val ue Approx. Std.Error z ratio(CQ

b0  0.6481998 0.11207793 5.783474
bl 97.6012493 26. 25600585 3.717292
b2 -1.1261566 0. 05764447 -19.536249
b3 -17.8223682 0. 15333701 -116. 230048

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2
bl 0.63527831
b2 -0.30658885 0.08117341
b3 0.15558194 -0.15330456 -0.81510665

Random Effects (Conditional Modes):
b0 bl

0.35282390 106. 189909

-0. 09294753 -4.930827

0. 08966928  51.978181

. 14962588 -71.211937

0. 09855408 -24.218375

-0.29847385 -57.806951

O WN
'
o

St andar di zed Popul ati on- Aver age Resi dual s:
Mn Q Med (0¢] Max
-2.864292 -0.3868895 0.09251997 0.5650977 1.936793

Nunber of Cbservations: 60
Nunber of Clusters: 6
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» Restricted maximum likelihood

> txb2.fit.b3. b2f R-

nl me(obj ect =l og( Respons) ~t xb2. f un(b0, b1, b2, b3, Conc), est. met hod="RW.",

+ fixed=list(b0~.,bl~ , b2~ ,b3~.), randon¥list(b0~.,bl~.), cluster=~Volnr,
+ dat a=t xb2. data, start=list(fixed=c(1,70,-1.6,-17.4)))

> sunmary(txb2.fit. b3. b2fR)

Call :
Model : | og( Respons) ~ txb2.fun(b0, bl, b2, b3, Conc)
Fixed: list(b0O ~., bl ~., b2 ~., b3 ~.)

Random list(b0 ~ ., bl ~ .)

Cluster: ~ Volnr

Dat a: txb2.data

Estimati on Method: RWML
Convergence at iteration: 4
Approxi mate Restricted Loglikelihood: -14.11703
Restricted Al C 44.23407
Restricted BIC. 60.98882
Vari ance/ Covari ance Conmponents Estimate(s):
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
b0 b1l
0. 2562426 69. 04356
Correl ati on of Random Ef fects
b0
bl 0.772191

Cl uster Residual Variance: 0.05504093

Fi xed Effects Estimate(s):
Val ue Approx. Std.Error z ratio(C

b0  0.650324 0. 12337235 5.271230
bl 97.959738 28. 85659358 3. 394709
b2 -1.125769 0. 05906085 -19.061166
b3 -17.826531 0.15710793 -113. 466782

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2
bl 0.62916036
b2 -0.29442982 0.07779173
b3 0.15330197 -0.14464248 -0.81676578

Random Effects (Conditional Modes):
b0 bl
0. 36024934 106. 855902
-0.10444780 -4.834059
0.07692954  52. 556356
-0.14701731 -71.585079
0.12155261 -25.019379
-0.30726638 -57.973741
St andar di zed Popul ati on- Aver age Resi dual s:
Mn Q Med (0¢] Max
-2.812325 -0.3743573 0.06016352 0.5986531 1.850926

D O WN

Nunber of Cbservations: 60
Nunber of Clusters: 6
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Assessment of fit of reduced model with 3, and [3; fixed REML fitting

w .4
~
: o
g o ot
= 4
3 -
o - [
2 -
O — /";c
-1 01 2 3 4 5
Fitted Values
N iand
2 |
[ feat]a
S [ ! =
0 ! | |
2 T
N _
1 2 3 4 5 6
Volnr

Residuals

Fitted Values

Figure D.2 Plots of standardized residuals and fitted values from REML-fit of the model with 3, and 33

kept fixed
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D.8 SAS implementation using the NLINMIX macro

Lindstrom-Bates conditional linearization with REML.

%nlinmix(data=mydat.txb,response=Iresp,subject=volnr,options=skipnlin,

mode 1=%str(

e2=b3-lIconc;

ed=exp((b2)*e2);

eb=1+e4;

e7=(b0+u0)+(b1+ul)/e5;

el4=e5**2;

pred=log(e7);

).

derivs=%str(

d_b0=1/e7;

d_bl=(1/e5)/e7;
d_b2=-((((bl+ul)*(ed*e2))/eld)/e7);
d_b3=-((((b1+ul)*(ed*(b2)))/eld)/e7);
d_u0=d_bO;

d_ul=d_b1l;

).

parms=%str(b0=1 bl1=70 b2=-1.6 b3=-17.4),
random=u0 ul,

type=un,

expand=eblup,

method=REML

The MIXED Procedure
Class Level Information
Levels Values

Class

_SUBJECT 6 123456

Parameter Search

CcoL1 coL2 CcoL3 COL4 Variance REML_LL -2REML_LL
0.0656 13.6547 4767.271 0.0550 0.0550 -14.1171 28.2341
REML Estimation lteration History
Iteration Evaluations Objective Criterion
1 1 -74.68698307 0.00000000
Convergence criteria met.
Covariance Parameter Estimates (REML)
Cov Parm Ratio Estimate Std Error Z Pr > |Z]
D_UO UN(1,1) 1.19224550 0.06562178 0.05617948 1.17 0.2428
UN(2,1) 248.08455781  13.65469606  11.33791239 1.20 0.2285
UN(2,2) 86613.890601 4767.2711325 3170.5544835 1.50 0.1327
Residual 1.00000000 0.05504049 0.01146128 4.80 0.0001

Objective
-74.6870
Alpha Lower Upper
0.05 -0.0445 0.1757
0.05 -8.5672 35.8766
0.05 -1446.90 10981.44
0.05 0.0326 0.0775
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Parameter Estimate
D_BO 0.65027492
D_B1 97.96174153
D_B2 -1.12574279
D_B3 -17.82658079

Model Fitting Information for
Description

Observations

Variance Estimate

Standard Deviation Estimate
REML Log Likelihood

Akaike"s Information Criterion
Schwarz®s Bayesian Criterion
-2 REML Log Likelihood

PARMS Model LRT Chi-Square
PARMS Model LRT DF

PARMS Model LRT P-Value

Solution for Fixed Effec

Std Error DDF T Pr
0.12334633 46 5.27
28.85740063 46 3.39

0.05905857 46 -19.06
0.15711176 46 -113.5

Solution for Random Effec

Parameter Subject Estimate SE Pri
D_Uo _SUBJECT 1 0.36014572 0.157203
D_U1 _SUBJECT 1 106.85956671  31.900309
D_Uo _SUBJECT 2 -0.10443013 0.135119
D_U1 _SUBJECT 2 -4.83445622  29.219808
D_Uo _SUBJECT 3 0.07689601 0.145761
D_U1 _SUBJECT 3 52.55830881  30.355610
D_Uo _SUBJECT 4 -0.14696504 0.128858
D_U1 _SUBJECT 4  -71.58689569  28.753245.
D_Uo _SUBJECT 5 0.12156952 0.141375
D_U1 _SUBJECT 5 -25.02104598  28.994250
D_Uo _SUBJECT 6 -0.30721609 0.125058
D_U1 _SUBJECT 6 -57.97547763  28.752715
Tests of Fixed Effects

Source NDF DDF Type 111 F

D_BO 1 46 27.79

D_B1 1 46 11.52

D_B2 1 46 363.34

D_B3 1 46 12874.15

_RESID
Value
60.0000
0.0550
0.2346
-14.1171
-18.1171
-22.1678
28.2341
0.0000
3.0000
1.0000
ts
> |T] Alpha
0.0001 0.05
0.0014 0.05
0.0001 0.05
0.0001 0.05
ts
ed DDF
46 46 2
21 46 3
80 46 -0
61 46 -0
88 46 0
64 46 1
98 46 -1
45 46 -2
79 46 0
36 46 -0
40 46 -2
34 46 -2
Pr > F
0.0001
0.0014
0.0001
0.0001

Lower Upper
0.4020 0.8986
39.8748 156.0487
-1.2446 -1.0069
-18.1428 -17.5103
T Pr > |T]
.29 0.0266
.35 0.0016
77 0.4436
.17 0.8693
.53 0.6004
.73 0.0901
.14 0.2600
.49 0.0165
.86 0.3943
.86 0.3926
.46 0.0179
.02 0.0496
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 First-order linearization (Vonesh-Carter like)

%nlinmix(data=mydat.txb,response=Iresp,subject=volnr,
mode 1=Y%str(
e2=b3-Iconc;
ed=exp((b2)*e2);
e5=1+e4;
e7=(b0+u0)+(b1+ul)/e5;
el4=e5**2;
pred=log(e7);
),
derivs=%str(
d_b0=1/e7;
d_bl=(1/e5)/e7;
d_b2=-((((b1+ul)*(ed*e2))/eld)/e7);
d_b3=-((((b1+ul)*(ed*(b2)))/eld)/e7);
d_u0=d_bO0;
d_ul=d bl;
),
parms=%str(b0=1 b1l=70 b2=-1.6 b3=-17.4),
random=u0 ul,
type=un,
expand=zero,
method=REML

);
run;
The MIXED Procedure
Class Level Information
Class Levels Values
_SUBJECT 6 123456
Parameter Search
coL1 coL2 CcoL3 COL4 Variance REML_LL -2REML_LL Objective
0.0745 11.5785 3838.163 0.0535 0.0535 -12.9488 25.8976  -77.0235
REML Estimation lteration History
Iteration Evaluations Objective Criterion
1 1 -77.02346944 0.00000000
Convergence criteria met.
Covariance Parameter Estimates (REML)
Cov Parm Ratio Estimate Std Error Z Pr > |Z] Alpha Lower Upper
D_UO UN(1,1) 1.39274056 0.07445613 0.05680472 1.31 0.1899 0.05 -0.0369 0.1858
UN(2,1) 216.58205912 11.57851040 9.77868446 1.18 0.2364 0.05 -7.5874 30.7444
UN(2,2) 71794 .834525 3838.1629651 2460.0030796 1.56 0.1187 0.05 -983.354 8659.678
Residual 1.00000000 0.05346015 0.01114721 4.80 0.0001 0.05 0.0316 0.0753
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Parameter Estimate
D_BO 0.66212524
D_B1 78.66162212
D_B2 -1.13894721
D_B3 -17.82727673

Model Fitting Information for
Description

Observations

Variance Estimate

Standard Deviation Estimate
REML Log Likelihood

Akaike"s Information Criterion
Schwarz®s Bayesian Criterion
-2 REML Log Likelihood

PARMS Model LRT Chi-Square
PARMS Model LRT DF

PARMS Model LRT P-Value

Solution for Fixed Effec

Std Error DDF T Pr
0.12974759 46 5.10
25.75351148 46 3.05

0.06329164 46 -18.00
0.15952650 46 -111.8

Solution for Random Effec

Parameter Subject Estimate SE Pri
D_Uo _SUBJECT 1 0.34440600 0.146235
D_Ul _SUBJECT 1 76.83186401 26.078288
D_Uo _SUBJECT 2 -0.08545545 0.146235
D_Ul _SUBJECT 2 13.41299057 26.078288
D_Uo _SUBJECT 3 0.07052931 0.146235
D_Ul _SUBJECT 3 53.65805001 26.078288
D_Uo _SUBJECT 4 -0.12035771 0.146235
D_Ul _SUBJECT 4 -84.26838821 26.078288
D_Uo _SUBJECT 5 0.17037875 0.146235
D_Ul _SUBJECT 5 -6.29086403 26.078288
D_Uo _SUBJECT 6 -0.37950090 0.146235
D_Ul _SUBJECT 6 -53.34365236 26.078288
Tests of Fixed Effects

Source NDF DDF Type 111 F

D_BO 1 46 26.04

D_B1 1 46 9.33

D_B2 1 46 323.83

D_B3 1 46 12488.33

_RESID
Value
60.0000
0.0535
0.2312
-12.9488
-16.9488
-20.9995
25.8976
0.0000
3.0000
1.0000
ts
> |T] Alpha
0.0001 0.05
0.0037 0.05
0.0001 0.05
0.0001 0.05
ts
ed DDF
40 46 2
94 46 2
40 46 -0
94 46 0
40 46 0
94 46 2
40 46 -0
94 46 -3
40 46 1
94 46 -0
40 46 -2
94 46 -2
Pr > F
0.0001
0.0037
0.0001
0.0001

Lower Upper
0.4010 0.9233
26.8225 130.5008
-1.2663 -1.0115
-18.1484 -17.5062
T Pr > |T|
.36 0.0228
.95 0.0050
.58 0.5618
.51 0.6095
.48 0.6319
.06 0.0453
.82 0.4147
.23 0.0023
.17 0.2500
.24 0.8104
.60 0.0126
.05 0.0465
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D.9 SAS implementation using the MIXNLIN macro (Vonesh, 1995)

» Vonesh-Carter first-order linearization

Ymixnlin(imllib=rmlib.storemod);
procm mixnlin data=mydat.txb method=reml expand=average outpred=results;
subject volnr;
vars “lconc”®;
parms bl="1" b2="100" b3="-1.1" b4="-17.8%;
design all="_class_~;
model "lresp=log(user_4)";
random “bl b2%;
deriv der_bl="1/user_4*
der_b2="(1/user_3)/user_4*
der_b3="-(((b2*user_2*user_1)/user_5)/user_4)"
der_b4="-(((b2*user_2*b3)/user_5)/user_4)";
function user_1="b4-Iconc”
user_2="exp(b3*user_1)"
user_3= "1l+user_2"
user_4="bl+b2/user_3"
user_5="user_3##2";
execute mixnlin;

run;
MACRO PROCEDURE MIXNLIN
VARIABLE AND CLASS LEVEL INFORMATION
VARIABLE: DEPENDENT INDEPENDENT PARAMETERS EFFECT LEGEND RANDOM EFFECTS

LRESP LCONC B1 _CLASS_ B1.1  B1
B2 _CLASS_ B2.1 B2
B3 _CLASS_ B3.1
B4 _CLASS_ B4.1

MIXNLIN OPTIONS

METHOD OF ESTIMATION: REML
EXPAND ABOUT: AVERAGE
RANDOM-EFFECT ESTIMATION: EB

STD. ERROR ESTIMATES: ASYMPTOTIC

ALTERNATIVE LARGE SAMPLE F-TEST: MODIFIED

REPEATED MEASURES MULTIVARIATE
NON-LINEAR LEAST SQUARES ITERATIVE PHASE

STAGE 1 ESTIMATION: OLS
CYCLE ITER HALFSTEP B1.1 B2.1 B3.1
B4.1 RESIDUAL SS

0 0 0 1 100 -1.1
-17.8 33.804478099

1 1 1 0.5844564657 76.09017768 -1.136690733
: -17.83211345 27.461027148

1 2 1 0.6533461168 78.739466398 -1.134175689
: -17.83430887 27.231984484

1 3 1 0.6608667655 78.673645335 -1.137935427
: -17.82826454 27.231173492

1 4 1 0.6618708663 78.665050953 -1.138732464
: -17.82752003 27.23115324
NOTE: CONVERGENCE CRITERION MET.
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MODEL FITTING INFORMATION

DESCRIPTION VALUE
TOTAL OBSERVATIONS 60
AVERAGE MODEL R-SQUARE: 0.871908
AVERAGE MODEL CONCORDANCE CORRELATION: 0.931886
CONDITIONAL MODEL R-SQUARE: 0.871908
CONDITIONAL MODEL CONCORDANCE CORRELATION: 0.931886
VARIANCE-COVARIANCE CONCORDANCE CORRELATION: 0.60252
APPROX. CHI-SQUARE FOR HO: COVARIANCE STRUCTURE IS CORRECT 50.8083
DEGREES OF FREEDOM 10
PR > CHI-SQUARE 0.0001
AKAIKE™S INFORMATION CRITERION (AIC) -65.5351
SCHWARTZ"S BAYESIAN CRITERION (SBC) -70.5985
-2*L0G LIKELIHOOD 121.0702

FINAL PARAMETER ESTIMATES
STAGE 1 ESTIMATION: OLS
SOURCE DF SUM OF SQUARES MEAN SQUARE
REGRESSION 4  543.653386014025  135.913346503506
RESIDUAL 56  27.2311532397542  0.48627059356704
UNCORRECTED TOTAL 60 570.88453925378
ASYMPTOTIC T FOR HO: LOWER
PARAMETER EFFECT ESTIMATE STD. ERROR PARAMETER=0 PR > |T] 95% LIMIT
B1 _CLASS_ 0.66187087 0.20062864 3.30 0.0017 0.25996341
B2 _CLASS_ 78.665051  14.637675 5.37 0.0001 49.3422643
B3 _CLASS_ -1.1387325 0.19083354 -5.97 0.0001 -1.521018
B4 _CLASS_ -17.82752 0.48120906 -37.05 0.0001 -18.791498

UPPER
95% LIMIT

1.06377832
107.987838
-0.7564469
-16.863542
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D.10 REML fit of final model (4.17) with B, and B; fixed

> txb2.fit2. b3.b2. fR<-
nl me(obj ect =l og( Respons) ~t xb2. fun2( b0, b1, b2, b3, Conc), est. met hod="RW.",

+ fixed=list(b0~.,bl~ , b2~ ,b3~.),randon¥list(b0~.,bl~.), cluster=~Volnr,
+ dat a=t xb2. data, start=list(fixed=c(0, 4.365,-1.13903,-17.827100)))
> summary(txb2. fit2. b3.b2. fR)
Cal | :

Model : | og(Respons) ~ txb2.fun2(b0, bl, b2, b3, Conc)

Fixed: list(bO ~ ., bl ~., b2 ~ ., b3 ~.)

Random list(b0 ~ ., bl ~.)

Cluster: ~ Volnr

Dat a: txb2.data
Estimati on Method: RWML
Convergence at iteration: 3
Approxi mate Restricted Loglikelihood: -17.31241
Restricted Al C. 50.62483
Restricted BIC. 67.37958

Vari ance/ Covari ance Conmponents Estimate(s):
Structure: matrixl og
St andard Devi ation(s) of Random Effect (s)
b0 bl
0. 4067271 0.786155
Correl ation of Random Effects
b0
bl 0.7237369

Cluster Residual Variance: 0.05499859

Fi xed Effects Estimate(s):
Val ue Approx. Std.Error z ratio(QC

b0 -0.4495009 0. 1959642 -2.293791
bl 4.3654430 0. 3269741 13. 351035
b2 -1.1358771 0.0619399 -18.338374
b3 -17.8343423 0. 1604168 -111.175052

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2
bl 0.58025601
b2 -0.31710328 0.08774867
b3 0.18382262 -0.14264827 -0.82558191

Random Ef fects (Conditional Modes):
b0 bl

0. 4978969 0.98271157

-0.1120963 0.17257726

0.1274678 0.67060301

. 2521369 -1.06613950

0.2743018 -0. 08132983

-0. 5354333 -0.67842250

o O WDN PP
'
o

St andar di zed Popul ati on- Aver age Resi dual s:
M n QL Med @ Max
-2.745423 -0.3741319 0.02918201 0.5556255 1.782257

Nunber of Observations: 60
Nunber of Custers: 6
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¢ Assesment of fit
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Figure D.3 Plots of standardized residuals and fitted values from REML-fit of model (4.17) with 3,
and 33 kept fixed
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D.11 First-order linearization fit (REML) of model (4.17) with 5 and S;

fixed

%nlinmix(data=mydat.txb,response=Iresp,subject=volnr,
mode 1=Y%str(
el=exp(b0+u0);
e2=exp(bl+ul);
ed4=b3-Iconc;
e6b=exp(b2*ed);
e7=1+eb6;
e8=e2/e7;
e9=el+e8;
el5=e7**2;
pred=log(e9);
),
derivs=%str(
d_b0O=el/e9;
d_bl=e8/e9;
d_b2=-(((e2*(e6*e4))/el5)/e9);
d_b3=-(((e2*(e6*b2))/el5)/e9);
d_u0=d_bO0;
d_ul=d bl;
),
parms=%str(b0=0 bl=4.6 b2=-1.6 b3=-17.4),
random=u0 ul,
type=un,
expand=zero,
method=REML

The MIXED Procedure
Class Level Information
Class Levels Values
_SUBJECT 6 123456
Parameter Search
CcoL1 coL2 CcoL3 COL4 Variance REML_LL -2REML_LL

0.1698 0.2223 0.6203 0.0535 0.0535 -16.9017 33.8034

REML Estimation lteration History
Iteration Evaluations Objective Criterion
1 1 -69.11775975 0.00000000

Convergence criteria met.

Covariance Parameter Estimates (REML)

Cov Parm Ratio Estimate Std Error Z Pr > |Z]
D_UO UN(1,1) 3.17680489 0.16983254 0.12957029 1.31 0.1899
UN(2,1) 4.15834990 0.22230610 0.18774946 1.18 0.2364
UN(2,2) 11.60291412 0.62029379 0.39756624 1.56 0.1187
Residual 1.00000000 0.05346017 0.01114722 4.80 0.0001

Objective

-69.1178
Alpha Lower
0.05 -0.0841
0.05 -0.1457
0.05 -0.1589
0.05 0.0316

Upper

0.4238
0.5903
1.3995
0.0753
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Parameter Estimate
D_BO -0.41230055
D_B1 4.36515539
D_B2 -1.13894721
D_B3 -17.82727673

Model Fitting Information for
Description

Observations

Variance Estimate

Standard Deviation Estimate
REML Log Likelihood

Akaike"s Information Criterion
Schwarz®s Bayesian Criterion
-2 REML Log Likelihood

PARMS Model LRT Chi-Square
PARMS Model LRT DF

PARMS Model LRT P-Value

Solution for Fixed Effec
Std Error DDF T Pr
0.19595640 46 -2.10
0.32739608 46 13.33

0.06329165 46 -18.00
0.15952653 46 -111.8

Solution for Random Effec
Parameter Subject Estimate SE Pri
D_Uo _SUBJECT 1 0.52015256 0.220857
D_U1 _SUBJECT 1 0.97673884 0.331524
D_Uo _SUBJECT 2 -0.12906204 0.220857
D_U1 _SUBJECT 2 0.17051496 0.331524
D_Uo _SUBJECT 3 0.10652007 0.220857
D_U1 _SUBJECT 3 0.68213748 0.331524
D_Uo _SUBJECT 4 -0.18177558 0.220857
D_U1 _SUBJECT 4 -1.07127684 0.331524
D_Uo _SUBJECT 5 0.25732062 0.220857
D_U1 _SUBJECT 5 -0.07997362 0.331524
D_Uo _SUBJECT 6 -0.57315563 0.220857
D_U1 _SUBJECT 6 -0.67814082 0.331524

Tests of Fixed Effects

Source NDF  DDF Type Il F
D_BO 1 46 4.43
D_B1 1 46 177.77
D_B2 1 46 323.83
D_B3 1 46  12488.32

_RESID
Value
60.0000
0.0535
0.2312
-16.9017
-20.9017
-24.9524
33.8034
0.0000
3.0000
1.0000
ts
> |T] Alpha
0.0409 0.05
0.0001 0.05
0.0001 0.05
0.0001 0.05
ts
ed DDF
68 46 2
87 46 2
68 46 -0
87 46 0
68 46 0
87 46 2
68 46 -0
87 46 -3
68 46 1
87 46 -0
68 46 -2
87 46 -2
Pr > F
0.0409
0.0001
0.0001
0.0001

Lower Upper
-0.8067 -0.0179
3.7061 5.0242
-1.2663 -1.0115
-18.1484 -17.5062
T Pr > |T]
.36 0.0228
.95 0.0050
.58 0.5618
.51 0.6095
.48 0.6319
.06 0.0453
.82 0.4147
.23 0.0023
.17 0.2500
.24 0.8104
.60 0.0126
.05 0.0465
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D.12 Profile likelihood confidence intervals

> |ikrat.ci

functi on(begin, end)
{
step <- (end - begin)/10
i f(begin > end)
step <- - step
mD <- nlme(object = 1og(Respons) ~ txb2.fun2(b0, bl, b2, b3, Conc)
+ est.nethod = "M.", fixed = list(b0O ~., bl ~., b2 ~., b3 ~.)
+ random = list(b0O ~ ., bl ~.), cluster = ~ Volnr, data =
t xb2. dat a,
+ start = list(fixed = c(-0.4480476, 4.365339, -1.136248, -
17.83356)))
X <- begin
p< 1
whil e(abs(x - end) > 0 & abs(p - 0.025) > 0.0001) {
assign("x", x, frame = 1)
mL <- nlme(object = 1og(Respons) ~ txb2.funb(b0, bl, b2, x, Conc)
+ est.nethod = "M.", fixed = list(b0 ~ ., bl ~ ., b2 ~.)
+ random = list(b0O ~ ., bl ~.), cluster = ~ Volnr, data =
t xb2. dat a,
+ start = list(fixed = c(-0.4480476, 4.365339, -1.136248)))
p <- (anova(nd, nmi)[[14]])[2]
cat("x,p ", x, p, fill =T
X <- X + step
}
if(abs(p - 0.025) > 0.0001)
r <- x - step
elser <- NA
r
}
> |ikrat.ci(-17.52,-17.51)
X,p -17.52 0.025577204930869
X,p -17.519 0.0251321080189638
X,p -17.518 0.0246937945650225
> |ikrat.ci(-18.25,-18.2)
X,p -18.25 0.0178960122017355
X,p -18.245 0.0199238509097972
X,p -18.24 0.0213477192297413
X,p -18.235 0.0228755357041914
X,p -18.23 0.024491389451069
X,p -18.225 0.0262171231530761
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Appendix E
Gastric emptying in dogs

E.1 Data (source: W. De Ridder, unpublished data).

Table E.1Gastric emptying in dogs as measured by weight (g) of total duodenal efflux.

Time Dog
(min) 1 2 3 4 5 6 7 8
15 1.36 191 0.19 181 0.75 1.79 0.80 0.48
30 1.74 3.10 0.93 2.36 1.23 2.41 1.19 0.95
45 2.04 3.31 141 2.53 1.69 2.59 1.60 1.07
60 2.34 3.62 161 2.85 251 2.76 1.74 121
75 3.06 4.32 1.90 3.08 3.08 3.30 2.36 1.29
90 4.68 7.17 2.83 3.27 3.84 4.11 2.75 1.38
105 7.70 10.92 5.72 3.80 5.17 7.47 4.36 1.63
120 1090 15.59 9.18 4.59 6.93 12.10 8.19 1.89
135 15.33 19.12 13.58 7.27 950 17.82 11.83 2.58
150 1930 2146 1773 1110 1221 2285 17.81 3.02
165 22.81 2328 2232 1518 1542 27.04 22.80 4.59
180 2555 2466 25.88 1844 18.26 30.97 26.90 7.59
195 2837 2595 30.33 2158 2277 3556 30.84 11.04
210 3161 26.60 3298 2575 26.84 3955 33.85 16.33
225 3494 27.46 36.77 3032 31.39 4238 37.12 22.28
240 37.16 27.81 3891 3413 3576 4381 40.00 28.36
255 39.26 28.65 40.87 37.30 39.10 4532 42,63 32.98
270 4124 2925 4225 3911 43.00 4751 4462 35.97
285 4357 30.32 4416 41.04 46.30 4894 4593 39.81
300 46.22 30.67 4510 42.07 4852 50.19 46.90 42.59

E.2 Evaluation of alternative parametrizations

> nt. genpt
function(b0, bl, b2, b3, t, nrsim= 100)
{
pars <- matrix(nrow = nrsim ncol = 4)
pars2 <- pars
for(i in l:nrsin {
y <- b0 + bl * (1 - 27( - (t/b2)"b3)) + rnorn(length(t), O, 0.8)
y < (y>0 *vy
dat <- as.data.frame(chind(t, y))
assign("dat", dat, frane = 1)

fiti <- nls(y ~ Genpt.funO(bO, bl, b2, b3, t), dat, start = list(bO
b0, bl = bl, b2 = b2, b3 = b3))

pars[i, ] <- fiti$paraneters

fiti < nls(y ~ Genpt.fun2(b0, bl, b2, b3, t), dat, start = list(b0
I og(b0), bl = 1log(bl), b2 =1o0g(b2), b3 = b3))

pars2[i, ] <- fiti$paraneters

}
list(pars, pars2)
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Figure E.1 Normal quantile plot of 2000 Monte Carlo simulations of parameter estimates for (4.19)
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Figure E.2 Normal quantile plot of 2000 Monte Carlo simulations of parameter estimates obtained for
reparametrizating of (4.19)
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E.3 Derivatives and OLS fit on pooled data

> GEnpt. fun2<-deriv(~exp(b0)+exp(bl)*(1-2"(-(t/exp(b2))”"b3)),

+ c("b0","b1","b2","b3"), function(bO, bl, b2, b3,t) NULL)
> GEnpt. fun2

function(b0, bl, b2, b3, t)

{

.exprl <- exp(bo0)

.expr2 <- exp(bl)

.expr3 <- exp(b2)

.expr4 <- t/.expr3

.expr5 <- .expr4”b3

.expr7 <- 2°( - .exprb)

.expr9 <- .expr2 * (1 - .expr7)
.value <- .exprl + .expr9

.grad <- array(0, c(length(.value), 4), list(NULL, c("b0", "bl", "b2", "b3")))

.grad[, "b0"] <- .exprl
.grad[, "bl"] <- .expr9

.grad[, "b2"] <- - (.expr2 * (.expr7 * (0.693147180559945 * ((.expr4”*(b3 -
+ * (b3 * ((t * .expr3)/(.expr3*2)))))))

.grad[, "b3"] <- .expr2 * (.expr7 * (0.693147180559945 * (.expr5 *
+ (1og(.exprd)))))

attr(.value, "gradient") <- .grad

.val ue

1)

> Pool . fit<-nls(Vol ume~GEnpt . fun2(bo0, bl, b2, b3, Ti me), Gast. Enpt 1,
+ i st(b0=0, bl=l 0og(50), b2=l 0g(160), b3=3.5))
> summary( Pool . fit)
Formul a: Vol ume ~ Genpt.fun2(b0, bl, b2, b3, Tinme)
Par anet ers:
Val ue Std. Error t val ue
b0 0.0647676 0.8453850 0.0766131
bl 3.8157400 0.0765889 49.8211000
b2 5.2276300 0.0392012 133. 3540000
b3 2.9284400 0.3221010 9. 0916800

Resi dual standard error: 4.82859 on 156 degrees of freedom

Correl ation of Paraneter Estinmates
b0 bl b2

bl -0.5830

b2 -0.0132 0.7740

b3 0.6440 -0.8700 -0.5290

E-3




E.4 Standard two-stage approach

Individual estimates, mean value, standard error

>
+
+
>
> i ndiv. coef

[.1]
[1,] -0.53825270
[2,] 0.52640612
[3,] -2.08774069
[4,] 0.74167468
[5,] 0.34101467
[6,]1 0.22437981
[7,1 -0.80279923

[8,] 0.01160388

> appl y(i ndi v. coef,

[.2]

3.861027
3. 310081
3. 803150
3. 709930
4
3
3
3

021617

. 867700
. 833006
. 725897
2, mean)

[.3]

. 173514
. 821874
. 129202
. 282319
. 385187
. 084490
. 150733
. 416734

[1] -0.1979642 3.7665510 5.1805066
> sqrt(apply(indiv.coef,2,var)/8)
[1] 0.32659777 0.07358122 0.06674408

[ 4]

. 554933
. 803860
. 143290
. 981411
. 159615
. 188566
. 349876
. 033824

3. 5269218

0. 38698962

Indiv.fit<-nls(Vol une~exp(b0[ Dog]) +exp(bl[ Dog])*(1-2~((Ti ne/exp(b2[Dog]))” b3[Dog]))
, dat a=Gast . Enpt 1, start =l i st (bO=rep(0, 8), bl=l og(c(46, 31, 45, 42, 49, 50, 47, 43))
b2=rep(l 0og(183), 8), b3=rep(3.5,8)))

indiv.coef<-matrix(coef(Indiv.fit), nrow=8, ncol =4)
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E.5 Nonlinear mixed effects model with independence and homogeneity
of variance

> fit0<-nl me(object=Vol ume~GEnpt . fun2(b0, bl, b2, b3, Ti nme)
+ randon¥l i st (bO~., bl~., b2~.,b3~.),
+ fixed=list(b0O~.,bl~.,6 b2~ ,hb3~),
+ dat a=Gast . Enpt 1, cl ust er =~Dog
+ start=list(fixed=c(-0.1979642, 3. 7665510, 5. 1805066, 3. 5269218)))
> summary(fit0)
Cal |
Model : Vol une ~ Cenpt.fun2(b0, bl, b2, b3, Tine)
Fixed: list(b0 ~., bl ~., b2 ~., b3 ~.)
Random list(b0 ~ ., bl ~ ., b2 ~., b3 ~.)
Cluster: ~ Dog

Data: Gast. Enptl
Estimation Method: M
Convergence at iteration: 10
Approxi mate Logli kel i hood: -251.6222
Al C. 533. 2445
BI C. 579.3721
Vari ance/ Covari ance Conponents Estimate(s)
Structure: matrixl og
St andard Devi ation(s) of Random Effect (s)
b0 bl b2 b3
0. 710714 0.1919922 0.1766827 0.9920573
Correl ation of Random Effects
b0 bl b2
bl -0.432380416
b2 0.168845696 0.663763581
b3 0.183966014 0.001812201 0.644309756

Cluster Residual Variance: 0.6744823
Fi xed Effects Estinate(s)
Val ue Approx. Std.Error z ratio(CQ

b0 -0.1987368 0.27864791 -0.7132185

bl 3.7661029 0. 06867498 54.8395198

b2 5.1780814 0. 06270830 82.5740988

b3 3.5060726 0. 35587062  9.8520992

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2

bl -0.41992139
b2 0.15708515 0.66187342
b3 0.20663101 -0.01770493 0.62866229
Random Effects (Conditional Modes)
b0 bl b2 b3

1 0.1929964 0.06746953 -0.01102627 -0.8429983
2 0.6302894 -0.44697198 -0. 35682541 -0. 7483886
3 -0.3301114 0.02112396 -0.04538346 -0.2631612
4 0.9166330 -0.05549394 0.10314347 0.4780128
5 0.3745796 0.24314357 0.19621287 -0.3413142
6 -1.4282272 0.13392774 -0.10095864 -0.5191396
7 -0.5848854 0.06730675 -0.02668753 -0.1636267
8 0.2287256 -0.03050563 0.24152496 2.4006158

St andar di zed Popul ati on- Aver age Resi dual s

Mn Q Med (0¢] Max
-2.227605 -0.6375675 0.09583168 0.5568108 2.416533
Nunber of Observations: 160
Nunber of Custers: 8
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par (nfrow=c(2,2))

plot(fit0, option="s")

x<-1 og( Gast . Enpt 1$Vol une-resi dual s(fit0) $cl uster)

y<-l og(abs(residual s(fit0Q)$cluster))

pl ot (x[y>-4],y[y>-4], x|l ab="Logarithm of Predicted Val ue",yl ab="Logarithm of Absol ute
Resi dual ")

> lines(lowess(x[y>-4],y[y>-4]))
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Figure E.3 Graphical assessment of fit assuming independence of successive measurements and
homogeneity of variance. Notice the cyclic pattern in the plot of the standardized residuals versus the
fitted values. There is no evidence of variance being dependent on the level of the response.
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Figure E.4 Individual data and fitted curves for the eight dogs.
Notice that the model over-estimates the initial upward rise in six dogs.
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E.6 Intra-individual covariance structure (Variogram)
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Figure E.5 Sample variogram obtained from differences with mean value of log-transformed data .

E.7 Backward elimination of random effects

Table E.2 Summary of backward elimination of random effect from the parameters.
Missing values indicate convergence problems.

Step Parameter Log likelihood  Likelihood Ratio P-value
as fixed
0 Model: all parameters random, log-likelihood = -175.88,
# parameters reference model =17, # parameters reduced model =13
Bo -175.99 0.23 0.994
A : : :
'82 - - -
,33 - - -
1 Model: random effects for 3, removed, log-likelihood = -175.99
# parameters reference model =13, # parameters reduced model =10

B -186.44 20.90 <0.001
5 -208.79 65.58 <0.001
5 -185.36 18.74 <0.001
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E.8 ML fit of model with & fixed and ARMA(1,1) type of intra-individual
covariance

> fit.arma. bOR<- nl me(obj ect =Vol ume~Cenpt . f un2( b0, bl, b2, b3, Ti ne)
+ fixed=list(b0O~.,bl~.,6 b2~ ,h6b3~),
+ randon¥l i st (bl~., b2~.,b3~.),
+ dat a=Gast . Enpt 1, cl ust er =~Dog, seri al . structure="armll",
+ est.nethod="RW.", start=list(fixed=c(0, 3.5,5.227,2.7616)))
> summary(fit.arnma. bOR)
Cal |
Model : Vol une ~ GEnpt.fun2(b0, bl, b2, b3, Tine)
Fixed: list(bO ~ ., bl ~., b2 ~ ., b3 ~.)
Random list(bl ~ ., b2 ~ ., b3 ~.)
Cluster: ~ Dog

Data: Gast. Enpt1l
Estimati on Method: RWML
Convergence at iteration: 9
Approxi mate Restricted Loglikelihood: -180.7663
Restricted Al C. 387.5326
Restricted BIC. 427.5099
Vari ance/ Covari ance Conponents Estimate(s)
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
bl b2 b3
0.193391 0.1920987 0. 8252286
Correl ati on of Random Ef fects
b1l b2
b2 0.73320512
b3 -0.01870585 0.58668007
Cluster Residual Variance: 1.616544
Serial Correlation Structure: armall
Serial Correlation Paraneter(s): 0.7912779 -0.4117012
Fi xed Effects Estinate(s)
Val ue Approx. Std.Error 2z ratio(C

b0 -0.1010529 0. 45032720 -0.2243988

bl 3.7837026 0. 07092815 53. 3455713

b2 5.1795935 0.06881800 75.2651033

b3 3.4152418 0. 31289047 10.9151353

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl b2

bl -0.15696075
b2 0.03655882 0.71204788
b3 0.13906003 -0.07579889 0.53973224
Random Ef fects (Conditional Modes)
bl b2 b3
. 101989696 0.01290395 - 0. 82534452
. 433893984 -0.37891231 -0.39634300
. 011344545 -0.04062550 -0.27086630
. 035846930 0.09194222 0.44936436
. 186203725 0.17086274 -0.05805926
. 112763943 -0. 08151057 -0. 44601481
. 052729765 -0.02041924 -0.17091325
0. 004709239 0.24575871 1.71817679
St andar di zed Popul ati on- Aver age Resi dual s
M n QL Med @ Max
-1.872997 -0.5381373 -0.06249976 0.4600694 1.501183
Nurmber of Observations: 160
Number of Custers: 8
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Appendix F
Acetylcholine levels in striatum of rats

F.1 Data (source: D. Scheller, JRF Neuss).

Table F.1 Acetylcholine concentration in striatum perfusate (nmol/l)

Exp. Nr. Dose Time following treatment (hrs.)

0 1 2 3 4
1 2.50 1.80 3.25 2.29 1.77 .
2 2.50 1.29 1.77 1.09 . 0.30
3 2.50 0.86 2.04 2.06 0.89 0.78
4 2.50 1.60 3.55 2.16 . 1.28
5 2.50 0.35 2.37 1.83 0.79 .
6 2.50 1.62 2.78 2.59 1.87 2.33
7 2.50 0.75 1.39 1.85 2.21 1.63
8 2.50 1.20 5.49 2.59 1.74 1.38
9 5.00 153 11.05 1242 7.05 2.87
10 5.00 1.27 3.09 2.39 1.78 0.30
11 5.00 1.02 4.62 2.81 1.28 1.04
12 5.00 1.73 8.56 3.95 2.31 2.90
13 5.00 1.09 2.53 3.58 2.81 1.89
14 5.00 155 16.40 6.59 1.30 0.73
15 5.00 1.77 7.12 3.43 2.39 .
16 5.00 1.47 6.72 2.32 1.43 1.17

F.2 Partial derivatives and OLS fit on pooled data

> ACH. funO<-deri v(~l og(exp(b0) +exp(bl)*(x"3)*exp(-
b2*x)), c("b0", "bl","b2"), function(bO, b1, b2, x) NULL)

> ACH. funO

function(b0, bil,

{
.exprl
. expré
.expr7

.expr9
.val ue
.grad <-
.gradf[,
.grad[,
.grad[,

b2, x)

<- exp(b0)

<- (exp(bl)) * (x"3)

<- exp((( - b2) * X))
.expr8 <-

<

<

.exprd * .expr7

- .exprl + .expr8
- log(.expr9)
array(0, c(length(.value), 3), list(NULL, c("b0", "bl"
"b0"] <- .exprl/.expr9

"b1"] <- .expr8/.expr9

"b2"] <- - ((.exprd * (.expr7 * x))/.expr9)

attr(.value, "gradient") <- .grad

.val ue

"b2')))
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> ACH. pool <-nl s(LConc~ACH. f unO( b0, b1, b2, Ti ne)
+ dat a=ACH. dat a, start=li st (b0=1, b1=3, b2=3))
> sunmar y( ACH. pool )

Formul a: LConc ~ ACH.funO(bO, bl, b2, Tine)

Par anet er s:

Value Std. Error t val ue
b0 0. 169771 0.119193 1.42433
bl 3.577350 0. 406796 8. 79396
b2 2.542550 0. 262062 9. 70207

Resi dual standard error: 0.592029 on 72 degrees of freedom

Correl ation of Paraneter Estimates
b0 bl

bl 0.222

b2 0.437 0.906
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F.3 Individual estimates by separate nonlinear OLS regressions

e Treatment group 1:

> cl
b0 bl b2
[1,] 0.5636692 3.5732498 3.166427
2,] -0.4630436 3.3185609 3.153389
[3,] -0.2670011 2.8301343 2.469077
[4,] 0.3572488 3.9279169 3.171621
[5,] -1.0515274 3.1144795 2.406194
[6,] 0.6107461 2.2994328 2.365882
[7,]1 -0.2692313 0.6031902 1.216879
[8,] 0.2815980 4.5021207 3.106686

> appl y(cl, 2, mean)
b0 bl b2
-0.02969267 3.021136 2.632019
> sqgrt(apply(c2,2,var)/8)
b0 bl b2
0.1335471 0. 4645636 0.2666482

e Treatment group 2:

> c2
b0 bl b2
[1 ] 0.400822318 4.278133 1.987474
2,] -0.372162466 3.462131 2.499577
[3,] -0.004179438 4.146978 2.841907
[4,] 0.784828582 5.213930 3.364601
[5,] 0.079407016 1.971250 1.577645
[6,] 0.011594553 6.223226 3.399419
[7,]1 0.644204706 4.802558 3.173785
[8,] 0.278841727 5.446294 3.760609

> appl y(c2, 2, mean)

b0 b1l b2
0.2279196 4.443062 2.825627
> sqgrt(apply(cl, 2,var)/8)

b0 bl b2
0.2050479 0.4187859 0.2399738




F.4 Nonlinear mixed effects fit of reduced model (4.23)

> ACH. fit0<-nl me(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti ne), randon¥l i st (b0~., bl~., b2~.),
+ fixed=list(b0~.,bl~. ,b2~.), data=ACH. dat a, cl ust er =~Exp,
+ start=list(fixed=c(0.16,3.57,2.5)))
> summar y( ACH. fi t0)
Cal | :

Model : LConc ~ ACH. funO(bO, bl, b2, Tine)

Fixed: list(b0 ~ ., bl ~ ., b2 ~.)

Random list(b0 ~ ., bl ~ ., b2 ~.)

Cluster: ~ Exp

Dat a: ACH. data
Estimati on Method: M
Convergence at iteration: 6
Appr oxi mat e Logl i kel i hood: -52.12831
Al C. 124.2566
BI C. 147. 4315
Vari ance/ Covari ance Conmponents Estimate(s):
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
b0 bl b2
0. 3553003 1.14027 0.5325539
Correl ati on of Random Ef fects
b0 bl
bl 0. 4293514
b2 0.1593343 0.8290816
Cluster Residual Variance: 0.1133782
Fi xed Effects Estimate(s):
Val ue Approx. Std.Error z ratio(C

b0 0. 07260254 0.1128671 0. 643257

bl 3.52495921 0.3560379  9.900516

b2 2.47791987 0.1864199 13.292140

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl

bl 0.3273953
b2 0.2516640 0.8496148
Random Ef fects (Conditional Modes):
b0 bl b2

1 0.15155392 -0.23018932 -0.003634371
2 -0.48081391 -0.72807283 0.134374128
3 -0.30534015 -0.62991771 -0. 029965645
4 0.10199758 -0.06809415 0.094512028
5 -0.60023191 -0.50228241 0.015382351
6 0.22575164 -0.62391511 -0. 253511092
7 -0.27737850 -2.01853227 -0.895084065
8 0.10643881 0.44822665 0.211285247
9 0.41627860 0.64216763 -0. 446762265
10 -0.28432145 -0. 15331597 0.036008311
11 -0.05727494 0.33771024 0.200805495
12 0.47396146 0.95077386 0.259002159
13 0.02428575 -1.07267739 -0.667681425
14 0.08333825 2.06602097 0.680441386
15 0.31714654 0.71548238 0.200966899

16 0.10460831 0.86661543 0.463860859
St andar di zed Popul ati on- Aver age Resi dual s:
M n QL Med @ Max
-3.226984 -0.4125277 0.00974174 0.4283754 1.968579
Nurmber of Observations: 75
Number of Custers: 16
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> plot (ACH. fitO,option="s")
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Figure F.1 Graphical assessment of model fit. Note that there are some large outliers present when the
predicted value is near the lower detection limit. Experiment 2 does not correspond well to the model

and yields high residuals. For the remaining experiments the fit is rather good.
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F.5 Graphical exploration for the effect of treatment

> ACH. randonk- dat a. f rame( ACH. f i t 0$coef $r andom)
>ACH. randonttrt <-as. factor(rep(c(2.5,5),¢c(8,8)))

-0.6

25 5 25 5

trt trt

0.5

HH
=1

-0.5

trt

Figure F.2 Graphical assessment of the effect of treatment on the random effects.

F.6 Fit of model (4.22) with effect of treatment on B and £,

> ACH. fit1<-nl me(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti ne), randon¥l i st (b0~., bl~., b2~.),
+ fixed=list(b0~.,bl~Treat, b2~Treat),
+ dat a=ACH. dat a, cl ust er =~Exp,
+ start=list(fixed=c(0.08,3.2,4.2,2.56,2.56))
+)
> summar y(ACH. fit1l)
Cal | :
Model : LConc ~ ACH. funO(bO, bl, b2, Tine)
Fi xed: list(b0O ~ ., bl ~ Treat, b2 ~ Treat)
Random list(b0 ~ ., bl ~ ., b2 ~.)
Cluster: ~ Exp

Data: ACH. data

Estimation Method: M

Convergence at iteration: 5

Approxi mate Logli kel i hood: -46.89268
A C. 117.7854

Bl C. 145.5952

Vari ance/ Covari ance Conmponents Estimate(s):
Structure: matrixl og
St andard Devi ation(s) of Random Effect(s)
b0 bl.(Intercept) b2.(Intercept)
0. 3679864 0. 9642021 0. 5623634
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Correl ation of Random Effects

b0 bl. (I ntercept)
bl. (Intercept) 0.3678020
b2. (I ntercept) 0.2546479 0.8970910

Cluster Residual Variance: 0.1059516

Fi xed Effects Estinmate(s)

Val ue Approx. Std.Error z ratio(C

b0 0.08159618 0.1134538 0.7192018
bl.(Intercept) 2.95253538 0.4901093 6.0242390
bl. Treat 1.20079054 0.6298968 1.9063290

b2. (I ntercept) 2.48310293 0. 3004105 8.2656993
b2. Treat 0.08648559 0. 3795088 0.2278882

Conditional Correlation(s) of Fixed Effects Estimates
b0 bl. (I ntercept) bl. Treat b2.(lntercept)
bl. (Intercept) 0.17671622
bl. Treat 0.00872442 -0.75223859
b2. (Intercept) 0.20791186 0.88906521 -0.66136106
b2. Treat -0.02491684 -0.67908329 0. 88605432 -0. 76253991

Random Ef fects (Conditional Modes)
b0 bl. (Intercept) b2. (Intercept)

1 0.27480240 0. 25782375 0. 13108542
2 -0.44996844 -0.17106637 0.16353428
3 -0.26340752 -0. 16551276 -0. 01448100
4 0.19249890 0. 40471930 0. 21255324
5 -0.59774705 -0.10468857 - 0. 03640137
6 0.34952197 -0. 02587488 -0.04311987
7 -0.27325654 -1.58110601 -0.94175624
8 0.20525301 0. 84438932 0. 31000506
9 0.28957808 -0. 10896006 - 0. 60609834
10 -0.37951199 -0.51110703 -0. 03220404
11 -0.11836516 -0. 06937520 0. 13948559
12 0.47682980 0.52734711 0. 27215865
13 -0.09913825 -1. 44952875 -0.74176811
14 0.02505979 1.40476088 0.57020855
15 0.28958802 0. 26911246 0. 16966402
16 0.07826297 0. 47906680 0. 44713415

St andar di zed Popul ati on- Aver age Resi dual s
M n QL Med @ Max
-3.155419 -0.338797 0.003962358 0.4727568 1.914011

Nunber of Qbservations: 75
Nunmber of Custers: 16
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F.7 Joint test for treatment effect on parameters £ and £,

> anova(ACH. fitl, ACH fitQ)

Response: LConc

ACH. fit1l

fixed: bO, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random b0, bl.(Intercept), b2. (Intercept)

bl ock: list(1:3)

covariance structure: unstructured

serial correlation structure: identity

variance function: identity
ACH.fitO

fixed: b0, bl, b2

random b0, bl, b2

bl ock: list(1:3)

covariance structure: unstructured

serial correlation structure: identity

variance function: identity

Model Df Al C BIC Loglik Test Lik.Ratio P val ue

ACH. fitl 1 12 117.79 145.60 -46. 893
ACH.fitO 2 10 124.26 147.43 -52.128 1 vs. 2 10. 471 0. 0053235

F.8 B and B, fixed instead of random

[3; fixed

ACH. fit1. blf <-nl me(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti ne), randon¥l i st (b0~., b2~.)

>

+ fixed=list(b0~.,bl~Treat, b2~Treat),
+ dat a=ACH. dat a, cl ust er =~Exp,
+ start=list(fixed=c(0.08,3.2,4.2,2.56,2.56))

+)

> anova(ACH. fitl. blf, ACH fit1)

Response: LConc
ACH. fit1l. bif

fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2. Treat
random b0, b2.(Intercept)

bl ock: list(1:2)

covariance structure: unstructured

serial correlation structure: identity

variance function: identity

ACH. fit1l

fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random b0, bl.(Intercept), b2. (Intercept)

bl ock: list(1:3)

covariance structure: unstructured

serial correlation structure: identity

variance function: identity

Model Df Al C BIC Loglik Test Lik.Ratio P val ue

ACH. fit1l. blf 1 9 114.72 135.58 -48. 362
ACH fitl 2 12 117.79 145.60 -46.893 1 vs. 2 2.9382 0.40125
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B, fixed

ACH. fit1l. b2f <-nl me(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti ne), randon¥l i st (b0~., bl~.)
fixed=list(b0~.,bl~Treat, b2~Treat)
dat a=ACH. dat a, cl ust er =~Exp,
start=list(fixed=c(0.08,3.2,4.2,2.56,2.56))
+)
> anova(ACH. fitl.b2f, ACH fitl)
Response: LConc
ACH. fit1. b2f
fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random b0, bl.(Intercept)
bl ock: list(1:2)
covariance structure: unstructured
serial correlation structure: identity
variance function: identity
ACH fitl
fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2. Treat
random bO, bl.(Intercept), b2.(lntercept)
bl ock: list(1:3)
covariance structure: unstructured
serial correlation structure: identity
variance function: identity
Model Df AIC BIC Loglik Test Lik.Ratio P val ue
ACH. fit1l. b2f 1 9 114.74 135.6 -48.371
ACH. fitl 2 12 117.79 145.6 -46.893 1 vs. 2 2.9572 0.39826

[3; and 3, both fixed versus 3, random

ACH. fit 2<-nl ne(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti me), r andon¥l i st (b0~.)
fixed=list(b0~.,bl~Treat, b2~Treat)
dat a=ACH. dat a, cl ust er =~Exp,
start=list(fixed=c(0.08,3.2,4.2,2.56,2.56))
+)
> anova(ACH. fit2, ACH fitl. bif)
Response: LConc
ACH. fit2
fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random bO
bl ock: list(1:1)
covariance structure: identity
serial correlation structure: identity
variance function: identity
ACH. fit1l. bif
fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2. Treat
random b0, b2.(Intercept)
bl ock: list(1:2)
covariance structure: unstructured
serial correlation structure: identity
variance function: identity
Model Df Al C BIC Loglik Test Lik.Ratio P value
ACH. fit2 1 7 115.92 132.14 -50.961
ACH. fit1l. blf 2 9 114.72 135.58 -48.362 1 vs. 2 5.1987 0.074323
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F.9 Test for treatment effect on B, and B, with random effects only for S

Test for Si:

> ACH. fit.bl<-nl ne(object=LConc~ACH. f unO( b0, b1, b2, Ti me), randon¥l i st (b0~.)
+ fixed=list(b0~.,bl~ ,b2~Treat),
+ dat a=ACH. dat a, cl ust er =~Exp,
+ start=list(fixed=c(0.08,3.2,2.56,2.56))
+)
> anova(ACH. fit2, ACH fit.bl)

Response: LConc

ACH. fit2

fixed: bO, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random bO

bl ock: list(1:1)

covariance structure: identity

serial correlation structure: identity

variance function: identity
ACH. fit.bl

fixed: b0, bl, b2.(Intercept), b2. Treat

random b0

bl ock: list(1:1)

covariance structure: identity

serial correlation structure: identity

variance function: identity

Model Df Al C BIC Loglik Test Lik.Ratio P val ue

ACH. fit2 1 7 115.92 132.14 -50.961
ACH. fit.bl 2 6 117.78 131.68 -52.888 1 vs. 2 3. 8536 0.04964
o Test for B:
> ACH. fit. b2<-nl ne(obj ect =LConc~ACH. f un0( b0, b1, b2, Ti me), randon¥l i st (b0~.)
+ fixed=list(b0~.,bl~Treat, b2~.),
+ dat a=ACH. dat a, cl ust er =~Exp,
+ start=list(fixed=c(0.08,3.2,4.2,2.56))
+)
> anova(ACH. fit2, ACH fit.b2)

Response: LConc
ACH. fit2
fixed: b0, bl.(Intercept), bl.Treat, b2.(Intercept), b2.Treat
random bO
bl ock: list(1:1)
covariance structure: identity
serial correlation structure: identity
variance function: identity
ACH. fit.b2
fixed: b0, bl.(Intercept), bl.Treat, b2
random b0
bl ock: list(1:1)
covariance structure: identity
serial correlation structure: identity
variance function: identity
Model Df Al C BIC Loglik Test Lik.Ratio P val ue
ACH. fit2 1 7 115.92 132.14 -50.961
ACH. fit.b2 2 6 114.00 127.90 -50.998 1 vs. 2 0.072954 0.78708
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F.10 Final model with treatment effect for B, and random effect for S

> summary(ACH. fit. b2)

Cal |
Model : LConc ~ ACH. funO(bO, bl, b2, Tine)
Fi xed: list(bO0O ~ ., bl ~ Treat, b2 ~ .)
Random list(b0 ~ .)

Cluster: ~ Exp

Dat a: ACH. data
Estimation Method: M
Convergence at iteration: 4
Appr oxi mat e Logl i kel i hood: -50.99761
Al C. 113.9952
BIC. 127.9001
Vari ance/ Covari ance Conponents Estimate(s)
Structure: identity
St andard Devi ation(s) of Random Effect(s)
b0
0.4078341
Cluster Residual Variance: 0.1747638

Fi xed Effects Estinate(s)
Val ue Approx. Std.Error z ratio(CQ

b0 0.2097957 0. 1292384 1. 623323
bl.(Intercept) 3.1011070 0. 3457005 8. 970503
bl. Treat 1.1981843 0. 2762773 4.336889

b2 2.7256382 0.2034873 13. 394638

Conditional Correlation(s) of Fixed Effects Estinmates
b0 bl. (I ntercept) bl. Tr eat
bl. (I ntercept) 0.05043104
bl. Treat 0.11777574 -0. 45685785
b2 0.24982091 0.73505833 0. 14456634

Random Effects (Conditional Modes)
b0
0.21993142
-0.52346678
- 0. 30898006
0.12670761
-0.57875095
0. 29423706
- 0. 04340082
0. 17570625
0. 74520498
-0.45228819
-0. 21855034
0. 37502094
13 0.09016027
14 -0.04764009
15 0.20896586
16 -0.06285715
St andar di zed Popul ati on- Aver age Resi dual s
Mn Q Med (0¢] Max
-2.550847 -0.4540633 -0.01007154 0.5351417 2.405168
Number of Cbservations: 75
Nunber of Custers: 16
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Figure F.3 Graphical assessment of final model.
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